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∗ ACB 3ED7F:<G<5H3JI$36KC3@L † ACM LONPK<QC36:<;SRT36U<VW;X58L ‡
YZ/[\^]_$`baEcd\fe/gihkjlcnmPop]"jmrqsjlcn\^cituhvjucdmro
w ]tuxEtyju[8\^]8tz"mP\^q/gn]{s]8t
|W}umr~]"jThk{sq/gdet
hrq/q6mr}uj w ]}u]HzZ/]}zZ/]0o6C/8r_S`/]}uehr}uxvrr_`bP$qhvP]8t
	8k/rr ]pz"mPotuc w ]8}htuXehr}u]\hvju}lc {
Aε ¡ Z/mPtu]]8oXju}lcn]HtZhO¢P]hrtuxE\$q/jumvjlcdz8tfmr£juZ]£¤mr}l\
(Aε)ij = aijε
Aij + o(εAij ) ¡ Z/]o ε rmE]8tjum 0 ¥ £¤mP}tumr\^]¦zmr\^q/gd]"{zmE]"§z"cd]oXjlt aij hro w }l]8hvg]{sq@mPo/]oXjlt
Aij ¨  ]gnmEmP©¦£¤mP}fhrtuxE\$q/jumvjlcdz8tmr£ªjlZ/]tlhv\^]^jxEq6]£¤mr}fjuZ/]]cdr]oE¢khvgde/]Htmv£ Aε ¨  ]tuZ/m ¡ juZhvj«juZ]¬ty]HXe/]oz]mv£­]"{sq6mro/]8oXjltCmr£6jlZ/]]8cnP]oE¢khvgde/]8tCmr£ Aε cdt ¡ ]Hhv©Egdx®¯tue/q6]}±°<\hk~mP}ucd²] w ExjlZ/]tu]8Xe/]8oz"]fmv£«z"mP}uo/]8}ltmv£CjuZ]f\^cno/³´q/gdetµzZhv}hrz"ju]8}ucitjlcdzµq6mrgdxEo/mr\^cihvg¶mr£CjuZ/]\hkju}lcn{
A = (Aij ) ¥hro w jlZhkjµjuZ]$]HXehvgdc jxpZ/mPg w t¬£¤mP}r]o]}lcdzf¢Ohrgne]8tµmv£«jlZ/]^z"mE]"§z"cd]oXjt
aij ¨  ] w ]}lcn¢P]juZcdtµ}l]8tue/g j£¤}lmr\·h&¢khv}lcdhroXjmv£@juZ/]¸¬] ¡ jumPos³9|«e/city]8es{juZ/]8mr}l]\ ¡ Z/cizZhrq/q/gdcn]HtjumhrtuxE\$q/jumvjlcdz8t¶mr£jlZ/]q/}u]Hz"] w cnojxEq6] ¨  ]hrgdtumpcnoXju}lm w ez]h>ty]HPe]oz]$mr£ªP]o/]8}lhrgncd²] w \^cdo/cd\^hrgWz"cd}z"e/cnj\^]8hvo@tmv£ A ¥ hvo w tuZ/m ¡jlZhkjµjuZcdttu]8Xe/]8oz"] ¡ ]Hhv©Egdx\hv~mr}lcn²8]8tjlZ/]ty]HXe/]oz]mr£z"mP}uo]}t¬mr£«juZ/]^\^cdos³´qgnetzZhr}lhPz±jl]}lcdtyjucizq6mrgdxEo/mr\^cihvg6mv£
A ¨  ]zZhv}hrz"ju]}lcd²]jlZ/]¬]HPe@hvgdc jxzhPty]&cnoju]8}u\tmv£q6]}u£¤]8z±j\hkjzZ/cno ¨  Z/]ojuZ/]]HXehvgdc jxpZ/mPg w t ¥ ¡ ]$tuZ/m ¡ jlZhkjµjuZ]^zmE]"§z"cd]oXjltµmr£hvgdg	juZ/]^]cdr]8oE¢Ohrgne]8t&mv£ Aε z8hvo¦6]z"mP\$qesju] wP]o/]8}ucizhrgngdxfExaszZEe/}ªz"mP\$qgn]8\$]8oXjW£¤mr}l\fegd¹ ¥ ¡ Z/cizZ]"{Ejl]o w jlZ/]µq@]8}yjle/}u@hkjucdmro£¤mr}l\fe/gi¹ºmv£»&cd¼ucn© ¥½/~etyju]}lo/cd©hvo w ½¶c w ty©Ec¿¾ À ¥ hro w Z@hO¢r]µ£¤] ¡ ]}tucnore/gihv}zhPty]Ht ¨Á>ÂXÃÅÄlÆfÇ kÈ	r |<]}ujue}uhvjucdmroÉjlZ/]mP}ux ¥ \^hv{E³´q/gdet$hvgdr]8/}lh ¥ jl}umPq/cizhvgªty]8\^cn}lcno ¥ tuq@]Hz±ju}hvgjuZ]mr}lx ¥¸¬] ¡ jlmros³9|«e/city]8es{jlZ/]mP}u]8\ ¥ hv\^mE]h ¥ \hk~mr}lcd²8hkjlcnmPo ¥ r}hvqZt ¥ a/zZXe}«z"mr\^q/gd]\^]8oPj ¥ q6]}u£¤]8z"j«\^hvjlzZs³cdo/ ¥ mrqsjlcn\hvghrtltycdro/\^]8oPj ¥ ËÊÌ hrtuxE\$q/jumvjlcdz8t ¥ gihv}lr] w ]8¢XcihkjlcnmPot ¨
∗ Í¤Î	ÏÍÑÐÒvÓ	Ô±ÕÖ×¿ØHÙ<ÚOÙ<Û@Ô±Ü¿ÝOÞÙuÖÝPÒrßàHáyâ±ãHÒväEÙ«åÅæOÙç´ØOÖyèå­éÚOÙëêrÒkìkíFÖØOÞÙ"îÅï@ÕÖ×¿ÜiðEñòóOôyòlõ±õös÷iøùkôyòlõúHôëõ"óOôyòs÷iû±ó
† ÍÑØOÚO×üÖØýþ´ÖlþF×¿çFþF×¿ÞuÖÜXÍÑØOçFþF× þ´Ý8þ´Ù±ÒrÎÙëÿ¦Ó	ÙÜ¿æO×iÒPá±á  HáHÒkÍÑØOÚO×üÖHî6ï@ÕÖ×¿ÜiðEóúHôô	
r÷´ôô	/÷ÑòX÷´ôëõ
‡ Í¤Î	ÏÍÑÐÒHÓ	Ô±ÕÖ×¿ØOÙÚOÙ	Û@Ô±Ü¿ÝOÞÙuÖÝPÒvßàHáyâ±ãHÒkäEÙ<åÅæOÙç´ØkÖèåÅéÚOÙëêrÒOìkíFÖØOÞÙ"î6ï@ÕÖ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òlõös÷"òöó"úHôëõ"óOôyòs÷iûó
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   ¸¬mretz"mPotuc w }umPote/o]\hkjl}uciz"]zhv}l}  ]
Aε
w mPoPjµgn]Ht&zmE]"§z"cd]oXjlt&mroXj w ]8tµhrtuxE\$q/jumv³
jlcdXe/]Ht w ]¬gdh£¤mP}u\^]
(Aε)ij = aijε
Aij + o(εAij )
gdmr}tuXe/]
ε
ju]8o w ¢r]8}lt
0
qhv}¢Ohrgn]8e/}tCq@mXtycnjucd¢r]Ht ¥ q@mPe/}w ]8t¶zmE]"§z"cd]oXjlt
aij
z"mP\^q/gn]{s]8t­]j w ]8t¶]"{sq6mPtlhvoXjlt
Aij
}  ]8gdt ¨ ¸¬mret­}l]8zZ]}zZ/mrot w ]8t¶hPtyxE\^qsjlmvjuciXe/]8tw ]\8\^]^jxXq6]q6mre/}gd]8t¢khrgn]8e/}ltq}umPq/}u]Ht w ]
Aε ¨ ¸¬mret\$mPoXju}lmrotXe/]gih>tye/cnju] w ]8t]"{sq6mPtlhvoXjltw ]8t«¢khrgn]8e/}ltWq/}lmrq/}l]8t w ]
Aε
]Htjª\hk~mr}  ]®Fhvetu]ot w ]¬g mr} w }u]q@hv}ujucd]g w ] w mP\$cdohroz"]£¯hrcngn]O°Cqhr}«gdh
tue/cnju] w ]8t¬}lhPz"cdo/]8t w eTq6mrgdxXor\^]fzhr}lhPz±j  }lcdtyjuciXe/]\^cnos³9q/gdet w ]gih\hkjl}uciz"]
A = (Aij) ¥ ]jµXe/]gd]8tw ]es{tue/cnju]Htz"mFozc w ]oXjq@mPe/} w ]8t¢khrgn]8e/}lt  o  }uciXe/]8t w ]Htz"mE]"§zcn]8oPjt
aij ¨ ¸¬mret w8w e/citumrotz]gihw  e/o]¢khv}lcdhroPjl] w epjuZ  mr}l[\^] w ]f¸¬] ¡ jlmros³9|«e/city]8es{ ¥ Xe/ct
 hvq/q/gdciPe]hves{phrtuxX\^qsjlmvjlcdXe/]Ht w epjxEq@]q}  z 8w ]oXj ¨ ¸mPetWcdoXju}lm w e/citymPotWhretutuceo/]µtue/cnju] w ]¬¢khvgd]e}ltW\$mkxP]o/o]8t«\^cdo/cd\^hrgn]Ht w ]8tªz"cd}lze/c jt w eP}lhrq/Z/] w ]gih\hkjl}uciz"]
A ¥ ]jW\^mroXju}lmrotCXe/]&z"]"juju]¬tue/cnju]\hk~mP}u]gihtue/c jl] w ]HtC}lhPz"cdo/]8t w eq@mPgnxEoP\$]z8hv}hrz"ju]}lcitjlcdXe/]$\^cnos³9q/gdet w ]
A ¨ ¸¬mretz8hv}hrz"j  }lcitymPot¬gd]zhPt w   Phrgncnj  ]8oSju]}l\^]8t w ]z"mreq/gdhrr]Htq@hv}u£¯hvcnjlt ¨ ½mr}tlPe]g  Xhvgdc j  hgdcn]8e ¥ o/mre@t&\^mPoPjl}umPotµPe]gd]8tz"mE]§zcn]8oXjlt w ]8t w c  }l]oXju]Ht&¢khrgn]8e/}ltq}umPq/}u]Ht w ]
Aε
q@]8e/¢r]8oPjju}l]>zhvgiz"eg  t  o  }uciXe/]\^]8oPjhre\^mkxr]8o w ]>zmr\^q/g  \^]oXjlt w ]¦aszZEe/} ¨ ]8gdh  o  }hvgdcity]gn]Ht&}  tue/gnjlhvjlt w ]$gdhjuZ  mr}lcd] w ]Htµq@]8}yjle/}u@hkjucdmro@t w ]»&cd¼ucn© ¥ ½/~etyju]}lo/cd©>]"j½c w tu©Ec ¾ À]j}  tymPesjz"]}ujlhrcno@tzhrttucdo/re/gdcd]}t w hvotz]"jyjl]juZ  mr}lcn] ¨
 Ç H Ä    YZ  mP}ucd] w ]8t^q6]}ujue/}lhkjlcnmPot ¥ hvgdr[8/}l]\hk{E³9q/gdet ¥ ty]8\^c ³ëhvo/o]8hveju}lmrqcdz8hvg ¥ juZ  mv³}lcd]tuq@]Hz±jl}lhrgn] ¥ juZ  mr}l[\^] w ]>¸] ¡ jumro/³´|«ecdtu]es{ ¥ hv\^cn6] ¥ mr} w }l]qhr}yjlcn]8g w ] w mr\^cdohvo@z"] ¥ r}hvq/Z/]Ht ¥zmr\^q/g  \^]oXj w ]aszZEe/} ¥ z"mPe/q/gihvP]¬qhr}y£¯hrc j ¥ h 6]Hz±jlhvjucdmromrqsjlcn\hvgd] ¥ hPtyxE\^qsjumrjuciXe/]8t ËÊÌ ¥ P}lhro w ]8tw ¢Ecdhvjucdmrot
 
		 !"#$$#$ 
% & ¶<)(
W"
½¶]"j
Aε
w ]omvju]h
n× n
\hkjl}ucn{ ¡ Z/mXty]µ]oXju}lcd]8t ¥ ¡ ZcdzZhv}l]µzmroXjucdoEe/mretW£¤e/oz"jucdmrotmr£h$qhv}hv\^]ju]}
ε > 0 ¥ tlhkjlcdty£¤x
(Aε)ij = aijε
Aij + o(εAij )
¡ Z]o ε rmE]8tjum 0 ¥ ¡ Z/]8}u] aij ∈ C ¥ hvo w Aij ∈ R ∪ {+∞} ¨ ®  Z/]8o Aij = +∞ ¥ juZ/cit\^]8hrotExTzmroE¢r]8oPjlcnmPo>juZ@hkj
(Aε)ij
citµc w ]oXjucizhrgngdx>²]8}um ¨ °ÉYZ/]^PmPhvg	mv£juZ/citµqhvq6]}cit&jumrcd¢r]'}tjmr} w ]}hPtyxE\^qsjlmvjucizt
Liε ∼ λiε
Λi ,
¡ cnjuZ λi ∈ C \ {0} hro w Λi ∈ R ¥ £¤mr}]HhrzZmv£jlZ/]]cdr]oE¢khvgde/]Ht L1ε , . . . ,Lnε mv£ Aε ¥ cdoptymP\$]µr]8o/]}lcizz8hrtu]8t ¨ mP\$qesjucdo/SjuZ/]phrtuxE\^qsjumrjucizt$mv£&tuq6]8z±jl}lhrg]gd]\^]oXjlt$cit^hz]oXju}hvgªq/}lmr/gd]\ mr£&q6]}ujue/}lhkjlcnmPo
jlZ/]mP}ux ¥ tu]]( Ê hvjlX*)hvo w ( Ì hve+X*) ¨ mr}ªcno@tjhvoz] ¥ ¡ Z/]ojuZ/]µ]oXjl}ucd]8tmv£ Aε ZhO¢P]¬YhOxEgdmr}µ®¤mr} ¥ \^mr}l]P]o/]8}lhrgngdx ¥ |«e/city]8es{°Wtu]}lcn]HtC]"{sqhrotucnmPotCcdo ε ¥ jlZ/]¬]8cnP]oE¢khvgde/]8t Liε
ZhO¢P]|«e/city]8es{ty]8}ucd]8t«]"{sqhvo@tycdmrot
cdo
ε ¥ ¡ ZcdzZ$zhvof@]z"mP\^q/esju] w Exhvqq/gnxEcdo/&juZ/]¸] ¡ jumro/³´|«ecdtu]es{fhrgnPmr}lc jlZ/\4jumµjuZ]ªzZhr}lhPz±jl]}lcdtyjucizq6mrgdxEo/mr\^cihvgmv£
Aε ¨ YZ/]gn]Hh w cdo/]{sq@mPo/]oXjlt Λi mv£CjlZ/]$]cdr]oE¢khvgde/]Htmv£ Aε hv}l]jlZ/]tugnmPq@]Ht¬mr£CjuZ/]hPtutumsz"cihkjl] w ¸] ¡ jlmro q6mrgdxErmro-,>juZ/] w c §ze/g jxcitjum w ]"ju]8}u\^cdo/]>jlZ/]8tu]¦tugnmPq@]Ht^£¤}umP\ jlZ/]Tgd]8h w cno]{sq@mPo/]oXjltmr£¶jlZ/]]oXju}lcd]8tmv£
Aε ¨.ëojuZ]tyq6]8zcdhrgzhrtu] ¡ Z/]}l]
Aε = A0 + εb ,
¡ Z]}l] A0 ∈ Cn×n citpo/cdgnq6mvjl]oXj ¥ hro w b ∈ Cn×n ¥ h}u]8\hv}l©Ohr/gd]¦}l]8tue/g j ¥ w e/]Sjumº»¬ci¼ycd©Ëhvo w½/~etyju]}lo/cd©/( »&½10r2)hvo w ½c w ty©Ec¿¾ À( ½c w 0P2) ¥ c w ]oXjlc3']HtjlZ/]P]o/]8}uciz^]"{sq6mro/]8oPjt Λi ¥ hro w tyZm ¡ jlZhkjjlZ/]>z"mE]"§zcn]8oPjt
λi
z8hvo@]pr]8o/]}lcizhvgdgdx mrsjhvcdo/] w £¤}umP\ ]cdr]8oX¢khrgne/]Htfmr£µz]}ujlhvcdoa/zZXe}z"mr\^q/gd]"³
\^]8oPjtfe/cngnjf£¤}lmr\ jlZ/]\hkjl}ucn{
b ¨ YZ/]}u]Hh w ]8}f\hOxÉz"mro@tye/gnjfjlZ/]tue/}l¢r]8xmr£¬>mr}lm ¥ Ì e/}u©P] ¥ hvo w4 ¢P]}ujumPo5(  Ì 4 76)£¤mP}h$zmr\^q/gd]"jl]hrzzmre/oXjmv£	juZ/citjlZ/]mP}ux ¨8¬m ¡ ]8¢r]} ¥ juZ/]zmrotyju}lez"jucdmro¦mr£»&cd¼ucn© ¥ ½/~etyju]}lo/cd©¦hvo w ½c w tu©Ec ¾ À<ZhPt\hvoExTtycdo/Pe/gdhr}zhrtu]8t ¥ cdo
¡ ZcdzZjlZ/]aszZEe/}zmr\^q/gd]\^]oXjlt w m&o/mvj	]"{scdtyj	hro w jlZ/]q6]}ujue}uhvjucdmro£¤mP}u\e/gd¹ w m¬o/mrjZ/mPg w ¨ .ëoqhr}y³jlcdze/gihv} ¥ jlZ/cithvq/q/}lmPhPzZ w mE]8tªo/mrjhrq/q/gdx^jum$\hvoExtycnjue@hkjucdmro@tcdo ¡ ZcdzZjuZ/]\hkjl}ucn{ b ZhPthtuqhv}tu]mP}Ctjl}uez"jue/}l] w qhvjyjl]}lo®FtymP\$]]8oPjl}ucd]8t<mr£
b
6]cdo/©Xom ¡ ofjlm@]²]8}umE° ¨ YZ/]q/}lmr/gd]\·mr£9'@o w cdo/juZ/]P]o/]8}uciz¢khvgde/]8tWmv£­jlZ/]¬]{Eq6mro]oXjlt
Λi ¥ cdotuezZzhPty]Ht ¥ ZhrtW}u]Hz"]8cn¢P] w \fezZhkjyjl]oXjucdmro ¥ tumr\^]"jlcn\^]Ht«cdojlZ/]\^mr}l]&P]o/]8}lhrg­z"mroXjl]"{Ejmv£q6]}ujue}uhvjucdmrotmr£\hkjl}ucn{q6]ozcngit ¨ .ëoq@hv}ujuciz"e/gihv} ¥ ¸¬hk~\hro:( ¸¬hv~yr2)tyjue w cn] w juZ/]tucdo/re/gihv}¬q@]8}yjle/}u@hkjucdmro@tmv£«h^gncdo/]Hhv}q6]ozcng ¥ hro w Thhvo w<;w ]gd\hvo=(  ; >+)	tyjue w cn] wjlZ/]ªq@]8}yjle/}u@hkjucdmro@t¶mr£@h@?Pmr} w hro\^hvju}lc {Extuq@]Hz"cihvgstjl}ue@z±jue}u] w \hkju}lciz"]8t ¨ as]]hvgitym ;Ww ]gd\hvo ¥ ; gn\$³}lmvjlZhvo wÊBA Ptyju}$Cr\D( ;E;WÊ 76 ¥ ;E;Ê r2)@£¤mr}Whtuxstjl]\hkjlcdzP]mP\$]ju}lcdzhrq/q/}lmPhrzZ^hvo w £¤mr}«oEe/\^]}lcizhvg\^mrjucd¢Ohvjucdmrot ¨.ëojuZ/citqhrq@]8} ¥ ¡ ]tyZm ¡ Z/m ¡ jlZ/]^]"{sq@mPo/]oXjt Λi hvo w juZ]z"mE]"§z"cd]oXjt λi zhro6]z"mP\$qesju] we@tycdo/>jlmXmPgdtfmv£\^cno/³´q/gdet$hvgdr]8/}lh ¨  ]rcd¢r]q6]}ujue/}lhkjlcnmPoÉ£¤mr}l\fe/gi¹ ¡ Z/cizZ ]"{Eju]8o w juZ]mro]8tmr£»&cd¼ucd© ¥ ½/~etyju]}lo/cd©hro w ½¶c w ty©Ec¿¾ Àhvo w ZhO¢P]¬£¤] ¡ ]8}tycdo/regdhr}zhrtu]8t ¨]Hzhrgng¶juZhvj¬juZ]\^cnos³9q/gdetµty]8\$cd}lcno/ ¥ Rmin ¥ cdtjuZ/]$ty]j R ∪ {+∞} ¥ ]8Xe/cdq/q6] w ¡ cnjuZTjuZ/]fh w/w cn³jlcnmPo
(a, b) 7→ min(a, b)
hvo w juZ/]\feg jlcnq/gdcizhkjlcnmPo
(a, b) 7→ a + b ¨ ¦hvoEx^mv£jlZ/]µzgdhPtutucizhvgÅhvgdr]8/}hvcizzmrotyju}lez"jucdmrotZhO¢P]cnoXju]8}u]Htjlcno\$cdos³9q/gdet¬hrohvgdmrPe/]8t ¨ .ëo>qhv}ujuciz"egdhr} ¥ jlZ/]zZhr}lhPz±ju]8}ucityjuciz&q6mrgdxEo/mv³\^cihvg£¤e/oz±jlcnmPomv£h\hkjl}ucn{
B ∈ Rn×nmin ¥
hvgd}u]Hh w xcdoXju}lm w ez"] w Ex  e/ocno/PZhv\^]³GFµ}l]]8oH(  F+r) ¥ zhro6] w ]'o/] w hrtjuZ/]£¤eoz±jlcnmPo ¡ Z/cizZ hrtltymsz"cihkjl]8tjlm¦hTtlzhrgdhr} x juZ]q6]}l\^hro/]oXj ¥ cdoÉjuZ]\^cno/³´q/gdet
ÏÏ ØIâHá !J
_   
B 
	  
 @$	9	 # !	
tu]o@ty] ¥ mv£ªjuZ]\^hvju}lc { xI ⊕ B ¥ ¡ Z/]8}u] I citjlZ/]c w ]oXjucnjx¦\hkjl}ucn{ ¨ ¸mrju]^jlZhkjjlZ/]q@]8}u\hro/]oXjmv£h\^cno/³´q/gdet^\hkjl}ucn{
B
cdt^o/mrjuZ/cdo/S/esj^juZ]¢khrgne/]mv£hvomrqsjlcn\hvghPtutucdro/\^]oXj$cnojuZ/] ¡ ]cdrZXju] wcnqhr}yjlc jl]r}hvq/ZShrtltymszcdhvju] w ¡ cnjuZ B ¨ £¤eo w hv\^]8oPjhvg«}l]8tue/gnjmv£  e/o/cdo/rZ@hv\^]"³ Fµ}u]8]oShvo w >]8c ³~]8} (  F5+r2)tuZ/m ¡ tµjlZhkjfh\^cno/³´q/gdetq6mrgdxEo/mr\^cihvg<£¤e/oz"jucdmro p(x) z8hvoS@]^£¯hPz±jumP}u] w eo/cdXe/]8gnxShrt
p(x) = a(x⊕x1) · · · (x⊕xn) ¥ ¡ Z/]8}u] a, x1, . . . , xn ∈ Rmin ¥ ⊕  w ]8o/mvjl]8t	jlZ/]\^cnos³9q/gdet«h w/w cnjucdmro ¥hro w jlZ/]µzmroz8hkjl]ohvjucdmro w ]8o/mvjl]8tWjuZ/]µ\^cnos³9q/gdetª\fe/gnjucdq/gdcdz8hkjlcnmPo ¨ YZ/]¬oEe/\@]8}lt x1, . . . , xn ¥ ¡ Z/cizZzmrcdoz"c w ] ¡ cnjuZSjuZ/]q6mrcdoXjltmr£ªo/mPos³ w c Å]}l]oXjlcdhr/cngdcnjx>mv£ p ®Fz"mPe/oXju] w ¡ cnjuZ hvqq/}umPq/}lcdhvju]$\fe/gnjucdq/gdcdzc ³jlcn]Htl° ¥ hv}l]µz8hvgdgn] w jlZ/] #! mr£ p ¨ ®FYZ/]}l]8h w ]}ty]8]©Ecnocdos£¤mr}l\hkjlcnmPomPojuZ]\$cdos³9q/gdetty]8\^cn}lcno\hOxz"mPotue/g j(  F6k ¥ ¦a/P ¥ Ì  4 P ¥ Thv{sr_ ¥  FP ¥ Fµeo>+ ¥ Ê T 6 ¥ Fµ|W76 ¥ |«cno@>+ ¥ FTX*) ¨ ° ]TtyZm ¡ cnoºYZ/]8mr}l]\  ¨ +@]8gnm ¡ juZhvj^juZ/]Ttu]8Xe/]8oz"]mv£µ]"{sq@mPo/]oXjt Λi cit ¡ ]Hhv©EgdxË®¯tue/q@]8}°\hv~mr}lcn²8] w ExfjuZ/]tu]8Xe/]8oz"]mr£Åzmr}lo/]}t	mv£6juZ/]\^cdos³´qgnetWzZhv}hrz"ju]}lcitjlcdzq@mPgnxEo/mP\^cdhrgsmv£6juZ/]\hvju}lc {
A = (Aij) ¥ hro w jlZhkjjlZ/]>]8Xehrgncnjx Z/mPg w t$£¤mP}r]8o/]}lcdz¢khvgde/]8t^mr£&jlZ/]Tz"mE]§zcn]8oXjlt aij ¨ ]HzhrgngjlZhkjWjuZ/]µz"mr}lo/]8}lt<mr£6jlZ/]¬\^cdos³9q/gne@tWzZhr}lhPz±ju]8}ucityjucizq@mPgnxEo/mP\$cihvg@zhvo6]¬zmr\^q/esjl] w Ex^tymPgn¢Ecdo/
O(n)mPqsjucd\hvghPtutucnPo/\^]oXjq/}lmr/gd]\t ¥ hPttyZm ¡ oEx Ì e/}l©khv} w hro wÌ esjl©rmk¢Ec! ( ÌÌ P2) ¨YZ/]pq/}lmEmv£µmv£µYZ]mr}l]\  ¨ +}l]gdcn]HtmPoh¢khv}lcdhroXj$mr£¬juZ]p¸¬] ¡ jlmros³9|«e/city]8es{ jlZ/]mP}u]8\ ¥ ¡ Z/cizZhrq/q/gdcn]Ht$jum '}tyjmr} w ]}hrtuxE\^qsjumrjucizt ¥ jlZhkj ¡ ]Ttjhkjl]ThrtYZ/]8mr}l]\  ¨ pcdoËh ¡ hOx ¡ Z/cizZºcngdgde/\^c ³o@hkju]HtjuZ/]}lmrgd]&mr£\^cno/³´q/gdethrgnP]/}h ¨  ]z"mPotuc w ]8}ªjuZ/]/}hvozZ]8t Y(ε) tumrgdesjucdmrotªmr£juZ/]]HXehkjlcnmPo
P(ε,Y(ε)) = 0 ¥ ¡ Z/]}l] P(ε, Y ) = ∑nj=0 Pj(ε)Y j
hvo w juZ]
Pj(ε)
hv}l]z"mPoPjlcnoEe/mPet	£¤e/oz"jucdmrot ¥ tyezZjlZhkj
Pj(ε) = piε
Pj + o(εPj ) ¥ ¡ c jlZ pi ∈ C hvo w Pj ∈ R ∪ {+∞} ¨  ]zZhv}hrz"ju]8}ucd²]fjuZ/]zhPty]Ht
¡ Z]}l]fjlZ/cdtcdos£¤mP}u\hkjlcnmPoTcit]o/mPe/rZ¦jum w ]"jl]}l\$cdo/]$juZ]'@}ltyjµmP} w ]}hrtuxX\^qsjlmvjlcdz8t&mr£«juZ]$}lhrozZ/]8t
Y1(ε), . . . ,Yn(ε) ¨ YZ/]8o ¥ juZ]«gn]Hh w cdo/]{sq@mPo/]oXjlt¶mv£EjuZ]W/}hvozZ]8thr}u]Cq/}l]8zcdtu]gdx&juZ/]ªz"mr}lo/]8}ltÅmr£sjuZ/]\^cdos³9q/gne@tq6mrgdxXomr\^cdhrg
P (Y ) =
⊕n
j=0 PjY
j ,­juZ/]gn]Hh w cdo/]{Eq6mro]oXjlt¶mv£sjuZ]z"gihrtltucdz8hvgv}lmEmvjlt¶hv}l]CjuZ/]\^cdos³9q/gne@t  }lmEmvjt  ¨ Ì x½¶]r]8o w }l]"³ë/]8ozZ/]g w e@hvgdc jx ¥ juZ/]zmr}lo/]}t	mv£6juZ/]\^cdos³9q/gne@tCq@mPgnxEo/mP\^cdhrg P (Y )hr}u]q/}l]8zcdtu]gdxjuZ]¬tygdmrq6]8t<mr£@jlZ/]¸] ¡ jumPos³´|<mPgnxErmPozgdhPtutucdz8hvgdgnxhPtutumsz"cihkjl] w jum P(ε, Y ) ¨ aEcn\^cdgdhr}«z"mP}y³}l]8tuq6mro w ]8oz"]HtÅ@]j ¡ ]8]oz"gihrtltucdz8hvgvhvo w \$cdos³9q/gdet­q6mrgdxXomr\^cdhrgdtZhO¢r]<6]]oe@ty] w }l]8z]oXjugdx¬cdo ¡ mr}l©Et6mPo ju}lmrqcdz8hvg@hrgnP]/}hvcizP]mr\^]ju}lx  Exty]8¢r]8}lhrg@hve/juZ/mP}lt ¥ cdozgne w cno/$»¬cd}lm ( »¬cd}lP2) ¥ >cd©EZhvgd©Ecno:( Tcn©s/) ¥|ChPtutlhv}l]$hro w e/gdgnXhv} w ( |WP2) ¥ aEq6]xP]}hro w aXjue/}l\$£¤]git ( a/a/r) ¥ £¤mPgngdm ¡ cdo/juZ/]cdoXju}lm w ez±jlcnmPoSmr£hr\"hrt&mv£hrgnP]/}hvciz¢khv}lcd]"jucd]8t&Ex5Fµ]gn£¯hvo w ¥ Ê hvq/}hvomk¢ ¥ hvo w$# ]gd]¢Ecdotu©Xx ( F Ê%# v_) ¨ ®FYZ/]^\$cdos³qgnetªcdoXju]}lq/}l]"jhkjucdmromv£jlZ/]¸] ¡ jumro/³´|«ecdtu]es{jlZ/]mP}u]8\ rcd¢r]8ocdoYZ/]8mr}l]\  ¨  ¡ hPtW©Eo/m ¡ ojum$juZ/]hresjuZmr}tcdo w ]8q@]8o w ]8oPjlgnxmv£	juZ/]Hty] ¡ mr}l©st ¥ tu]]£¤mr}cdotyjlhroz"] ( Fµ|W/) ¨ °YZ/]8mr}l]\  ¨ + w ]"ju]8}u\^cdo/]8tCjuZ/]P]o/]8}ucizªgn]Hh w cdo/]{Eq6mro]oXjltCmr£@jlZ/]]cdr]8oE¢Ohrgne]8t ¥ /esjWcnj w mE]HtCo/mvjw ]"ju]8}u\^cdo/]&juZ/]z"mE]§zcn]8oXjlt
λi ¨ Y¶m^z"mP\^q/esju]&juZ]8tu]µzmX]§z"cd]oXjlt ¥ ¡ ] w ]'@o/] ¥ cdojl]}l\tmr£¶\^cno/³´q/gdeta/zZXe}µzmr\^q/gd]\^]oXjlt ¥ hty]HXe/]oz]fmr£&  	   3 mr£ A ¥ juZhvj ¡ ]^zZhv}hrz"ju]}lcd²]hPt¬P]o/]8}lhrgncd²] wzcn}z"ec j\^]8hrot ¨  ]tuZ/m ¡ jlZhkjjlZ/]tu]8Xe/]o@z"]mv£Cz"mP}uo/]8}ltªmr£jlZ/]\^cnos³9q/gdetzZhr}lhPz±jl]}lcdtyjuciz¬q6mrgdxEo/mv³\^cihvg6mv£
A
cdt ¡ ]8hv©Egdx\hv~mr}lcn²8] w Ex$juZ/]ty]HXe/]oz]¬mr£¶z"}lc jlcdz8hvg¢khrgne/]HtWmr£ A ®FYZ/]mP}u]8\ _ ¨ 0X° ¥ hvo w ¡ ]zZ@hv}hrz±jl]}lcn²8]µjuZ/]]HXehvgdc jxpzhPty]cdo>jl]}l\^t¬mv£<juZ]f]"{scitjl]oz]mv£ w cit¯~mrcdoPjµz"cd}lze/c jz"mk¢P]}t ¥ mP}¬q6]}u£¤]8z±j\hvjlzZ/cdo/Pt ¥ cdoTz"]8}yjhvcdoP}lhrq/Zt ¨ .ëopjuZ]]8Xehrgncnjxz8hrtu] ¥ YZ/]8mr}l]\ ¨ tuZ/m ¡ tjlZhkjjlZ/]fzmX]§z"cd]oXjlt
λi
zhvo>6]$mrsjhvcdo/] w cdo>ju]8}u\t&mv£«]8cnP]oE¢khvgde/]8tmr£Wz"]8}yjhvcdo¦aszZEe/}µzmr\^q/gd]\^]oXjt¬z"mPotyju}lez±jl] w £¤}lmr\
jlZ/]$\^hvju}lc {
a ¨ YZ/]juZ]mr}l]\mv£»¬ci¼ycd© ¥ ½s~etyju]8}uo/cd©Thvo w ½c w tu©Ec ¾ Àcdthtyq6]8zcdhrg<z8hrtu]fmr£«juZ/citµ}u]Htyeg j®  mr}lmrgdgdhr}ux6 ¨ 6]gdm ¡ ° ¨  ]rcd¢r]cdoaE]8z"jucdmro 6 ¨ ]"{/hv\^q/gd]8t<mr£tycdo/regdhr}«zhrtu]8t ¡ ZcdzZzhro^@]¬tumrgd¢r] wExpYZ/]mP}u]8\ ¨  ¨ .ëo>£¯hrz"j ¥ YZ/]8mr}l]\  ¨ mv£Ñju]8o¦hvgdgdm ¡ tetjumP]"jjlZ/]'@}ltyj&mP} w ]8}¬hrtuxE\^qsjumrjuciztmr£tumr\^]]cdr]8oE¢Ohrgne]8tªmv£
Aε ¥ Ex\$]8}u]cdotuq@]Hz±jucdmro ¨ /mr}cdotyjlhroz"] ¥ c £
Aε =


ε 1 ε4
0 ε ε−2
ε ε2 0

 , ®yH°
Í¤Î	ÏÍÑÐ
 
		 !"#$$#$ 
¡ ]P]"j£¤}lmr\ YZ/]mP}u]8\  ¨  ¥ ]8tlty]8oPjlcdhrgngdx ¡ cnjuZmresj^hvoExSzmr\^q/esjhkjlcnmPo ¥ juZhvjfjuZ]tuq@]Hz±ju}le/\ mv£ Aεzmrotucitjtmr£jlZ/}l]]]cdr]8oX¢khrgne/]Ht
L1ε ∼ ε
−1/3,L2ε ∼ jε
−1/3,L3ε ∼ j
2ε−1/3,
®´r°
¡ Z]}l] j = exp(2iπ/3) ¨ as]] ; {/hv\^q/gd] ¨ $@]8gnm ¡ £¤mr} w ]jlhvcdgit ¨ ]µhrgdtumfq}umk¢P]¬hvohPtyxE\^qsjlmvjuciz}l]8tue/gnj£¤mP}]8cnP]oE¢r]Hz±jlmr}t ¥ YZ/]mP}u]8\ 0 ¨  ¥ ¡ ZcdzZcithvohrgnmPrmPet<jumYZ]mr}l]\ ¨  ¨ 8m ¡ ]¢P]} ¥ juZ/]fzmr\/cno@hkjumP}ucihvgzZ@hv}hrz±jl]}lcn²HhkjlcnmPomv£<jlZ/]fzhPty]Ht ¡ Z/]8}u]YZ/]8mr}l]\ 0 ¨ w ]"ju]8}u\^cdo/]8t¶juZ]ªP]o/]8}uciz«hPtyxE\^qsjumrjuciztmv£@hrgngXjlZ/]]8oXju}lcn]Ht¶mr£]cdr]8oX¢P]8z"jumr}t­cit	gdhPz©Xcdo/ ¥ tu]]aE]8z"jucdmro 0 ¨ 6]gdm ¡¨YZ/]q}u]Hty]8oPj ¡ mr}l©>cithpz"mroXjlcnoEehvjucdmroSmv£(  Ì F+2) ¥ ¡ Z/]8}u]^}l]gihkjl] w \^hv{E³´q/gdet£¤mP}u\e/gi¹ ¡ ]}l]Pcn¢P]o£¤mr}jlZ/]|<]}l}umPo]cdr]8oE¢Ohrgne]hro w ]cdr]oE¢P]8z±jlmr} ¥ ¡ Z/]o Aε cito/mroo/]Xhkjucd¢r] ¨ YZ]mr}l]\  ¨  ¡ hrthro/o/mPe/oz"] w cno (  Ì F/) ¨ ¸mvjl]hvgitympjlZhkjc w ]Hhrt£¤}lmr\\^hv{E³´q/gdettuq6]8z±jl}lhrg<juZ/]8mr}lx ¡ ]}l]hvgd}u]Hh w xhrq/q/gdcn] w jlm ËÊÌ jxEq@]mP}gdhr}uP] w ]¢EcdhvjucdmrojxEq@]hrtuxE\^qsjumrjuciztcdo (   Ê TP*)	hvo w ( Ê ¦76 ) ¨
 . 	' "%	
.ëoËjuZ/cittu]8z"jucdmro ¥ ¡ ]¦}l]8z8hvgdg&tumr\^]¦zgdhPtutucdz8hvg£¯hPz±jtmr£\$cdos³9q/gdethrgnP]/}h hvo w tyZ/m ¡ q/}l]gdcd\$cdohr}ux}l]8tue/gnjlt ¨ aE]]£¤mP}cnotyjlhroz"] ( Ì  4 P )£¤mP}\$mP}u] w ]jlhvcdgit ¨YZ/] #     ¥ Rmin ¥ cdtjuZ/]ty]j R ∪ {+∞} ]8Xe/cdq/q6] w ¡ cnjuZpjlZ/]fh ww c jlcnmPo (a, b) 7→
a⊕ b = min(a, b)
hvo w juZ/]\feg jlcnq/gdcizhkjlcnmPo
(a, b) 7→ a⊗ b = a + b ¨  ]tuZhvgdg w ]o/mrju]µXx = +∞hro w	
= 0
juZ]W²]8}umhro w e/o/cnj¶]gd]\^]8oPjt­mv£
Rmin ¥ }l]8tuq@]Hz±jucd¢r]8gnx ¨  ]WtyZ@hvgdgvetu]CjuZ/]«£¯hv\^cngdcihv}¶hrgnP]/}hvcizzmroE¢r]8oXjucdmrot ¥ cdoËjuZ]S\^cdos³9q/gne@t>z"mroXjl]"{Ej ¨ mr}pcno@tjhvoz] ¥ c £ A, B hv}l]\hvju}lcdz]8tmv£zmr\^qhkjlcngn]w cn\^]o@tycdmrot ¡ c jlZ ]oXjl}ucd]8tfcno Rmin ¥ (AB)ij = (A ⊗ B)ij = ⊕k AikBkj = mink(Aik + Bkj) ¥
A2 = A⊗A ¥ ]"jz ¨ >mr}l]mk¢P]} ¥ c £ x ∈ Rmin\{  } ¥ juZ]o x−1 cit	juZ/]¬cnoE¢r]8}ltu]ªmv£ x £¤mr}<jlZ/] ⊗ gih ¡ ¥ jlZhkjcit
−x ¥ ¡ cnjuZjuZ/]zmroE¢r]8oPjlcnmPohvg6o/mrjlhkjlcnmPo ¨  ]tuZhvgdg­hvgitym w ]8o/mvjl]µEx Rmin juZ/]z"mP\^q/gn]ju]\^cno/³´q/gdettu]\^cd}ucdo/ ¥ ¡ ZcdzZcdtªjlZ/]ty]j R ∪ {±∞} ]8Xe/cdq/q6] w ¥ hPt Rmin ¥ ¡ c jlZjlZ/] min hvo w + gih ¡ t ¥ ¡ cnjuZjuZ/]zmroE¢r]8oXjucdmro
+∞ + (−∞) = −∞ + (+∞) = +∞ ¨

 	 "!$#&%'(!&)*,+-#. /
YmhvoEx
n × n
\hvju}lc {
A ¡ cnjuZp]8oPjl}ucd]8tªcdo>h$tu]\^cd}ucdo/ S ¥ ¡ ]hrtltymsz"cihkjl]¬jlZ/] w cd}u]Hz±ju] w P}lhrq/Z G(A) ¥
¡ ZcdzZTZ@hrtom w ]8t 1, . . . , n hro w hro¦hv}z (i, j) c £ Aij 6=  ¥ ¡ Z/]}l]0 w ]o/mrju]8tjuZ/]$²]8}um]gd]\^]oXj&mr£
S ¨  ]tlhOxjuZhvj A cdt   !     cn£ G(A) cittyju}lmro/Pgnxzmro/o/]Hz±jl] w ¨ ]>o/]"{Ej}l]8z8hvgdgtymP\$]p}l]8tue/gnjlt^mv£\^cno/³´q/gdettuq6]8z±jl}lhrgjuZ/]8mr}lx
,jlZ/]>\^cno/³´q/gdet¢P]}tycdmromv£µjuZ/]
|<]8}u}lmros³ë/}lmr6]ocnetjlZ/]mP}u]8\ ZhPtC@]8]o w citlz"mk¢r]8}u] w ¥ }l] w citlz"mk¢r]8}u] w ¥ q/}l]8z"citu] w mr}«]{Eju]o w ] w ¥ Ex\hvoExhresjuZmr}t (  F6v ¥ »CmP}$0 6 ¥ mP\ 0 6 ¥ F:66 ¥     »@+P ¥ asP*) ¨ ]8z]oXjWq/}l]8tu]oXjlhvjucdmrotCz8hvo^6]£¤mre/o wcdo ( Ì  4 X ¥  FP ¥ Fµ|76 ¥ Ì hrq>+2) ¨
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    
 	 VU
A ∈ (Rmin)
n×n
    V 3XW
ρmin(A) =
n⊕
k=1
⊕
i1,... ,ik
(Ai1i2 · · ·Aiki1)
1
k .
®¯P°
 cnjuZpjlZ/]etuehvg­o/mrjlhvjucdmrot ¥ ®¯X°z8hvop6]}u] ¡ }ucnjyjl]ophrt
ρmin(A) = min
1≤k≤n
min
i1,... ,ik
Ai1i2 + · · · + Aiki1
k
.
ÏÏ ØIâHá !J
0   
B 
	  
 @$	9	 # !	
.9£
p = (i0, i1, . . . , ik)
cdtªhfq@hkjuZmv£
G(A) ¥ ¡ ] w ]o/mrju]¬Ex |p|A = Ai0i1 + · · ·+ Aik−1ik jlZ/] 
V  	
mr£
p ¥ hvo w Ex |p| = k cnjlt  >	  ¨ aEcno@z"]hvoExzcn}z"ec jmr£ G(A) z8hvop@] w ]8z"mP\^q@mXty] w cdop]gd]\^]oXjhv}lxzcn}z"ec jt ¥ ¡ Z/cizZ>hv}l]&mr£	gd]ovjuZphkj\^mXtj n ¥ ρmin(A) citjuZ] 9         	" ! ,
ρmin(A) = min
c   	
  G(A)
|c|A
|c|
.
®¤_X°
 ]tuhOxµjlZhkj«hµz"cd}lze/c j
c = (i1, i2, . . . , ik, i1)
mr£
G(A)
cdt  	   cn£
c
hkjujlhvcdotjuZ]ª\^cdo/cd\fe/\·cdop®¤_X° ¥hro w ¡ ]zhrgngCz"}lcnjucizhvg	jlZ/]^o/m w ]8thro w hr}lz8t&mr£WjlZ/cdtzcn}z"ec j ¨ YZ/]z"}lcnjucizhvg<o/m w ]Hthvo w z"}lc jlcdz8hvgChv}zt£¤mP}u\juZ]   	  ,> $ ¥ Gc(A) ¨  ]$zhvgdg  	     2! juZ]$tyju}lmro/Pgnxz"mPo/o/]8z"ju] w z"mP\$q6mro]oXjltmr£
Gc(A) ¨  ] ¡ cngdg¶hrgdtume@ty]jlZ/]ohv\^]  z"}lc jlcdz8hvgz"gihrtlt  £¤mr}jlZ/]ty]jmv£<o/m w ]8tmr£<h^z"}lcnjucizhvgzgdhPtut ¨YZ/]  ! #
 !	G mv£<h$\^hvju}lc {
A ∈ Rn×nmin
cdt w ]'o/] w Ex
A∗ = I ⊕ A ⊕ A2 ⊕ · · · ∈ R
n×n
min ,
c ¨ ] ¨ (A∗)ij = infk≥0(Ak)ij ¥ ¡ Z/]8}u] I = A0 cdt$jlZ/]Tc w ]oXjucnjxJ\hvju}lc { ® ¡ ]TtuZhrgngetu]pjuZ]¦tuhr\^]omvjlhvjucdmro
I
£¤mP}jlZ/]µc w ]8oXjucnjx\^hvju}lc {mr£
R
n×n
min ¥
hro w £¤mP}ªjuZ/]µc w ]oXjucnjx\hkju}lcn{^mr£
Cn×n ¥ £¤mr}hvoEx n ° ¨
  Ç=WÇ  :  :¯Ç"< 4 6P4 9 ÂEÂ>Â 6 ? 6 DGFIHIJ KMB4 C 1N2 6-O 6 4
&Q R6  @  	  9	<
A∗
 
> −∞
  
#<3   
ρmin(A) ≥ 0 
   !      
ρmin(A) ≥ 0

A∗ = I ⊕ A ⊕ · · · ⊕ An−1 .
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A ∈
R
n×n
min
$5   !      	 VU #   >
Ã = ρmin(A)
−1A    =V7   	G  A    
$   #	   	      
Ã∗·,j
   
 	G   	    #*>
j     E
              	   	    #%#*>
j
   	      $# 	>	       #     
Ã∗·,j

    	G  9  "7 
$	  	"B	   V7      
A 
®.ëopYZ]mr}l]\  ¨  ¥ hvo w cdojuZ/]tu]8Xe/]8g ¥ ¡ ] ¡ }ucnju] Ã∗·,j
juZ]
j
³´juZ>zmrgde/\^omr£
(Ã)∗ ¨ °Fµcd¢r]8oËh \hkju}lcn{
A ∈ Rn×nmin
hro w h ¢P]8z±jlmr}
V ∈ Rnmin ¥ ¡
] w ]'@o/]>juZ] 	   	  > $ ¥a/hkj
(A, V ) ¥ ¡ Z/cdzZSZhPto/m w ]8t 1, . . . , n ¥ hro w hvoÉhv}z (i, j) c £ (AV )i = AijVj ®¤juZhvjcdt (AV )i =
Aij + Vj ¡ c jlZÉjuZ/]etye@hvgWomvjlhvjucdmrot° ¨ YZ/]£¤mPgngdm ¡ cnoptucd\$qgn]}l]8tue/gnjf}l]gihkju]HtµjuZ/]z"}lc jlcdz8hvg«P}lhrq/Zhro w juZ/]tlhkjle/}lhvjucdmror}hvq/Z ¨
  Ç=WÇ  :  :¯Ç"< 4 6 9 ÂEÂ>Â 6 ? 60D F H0J KMB4 C 1N2 6	O 6GM .QSR6! 	
A ∈ Rn×nmin
!  $$       
	 VU    	 =V 3
α
@
  	
V ∈ Rnmin \ {

} #"  AV = αV 	   =	 	  >    #  	G! 
 9	 a/hkj
(A, V )
  U   	3 	B	  >   #  	!  
 9	 
Gc(A) 
.ëo£¯hrz"j ¥ YZ/]8mr}l]\  ¨ >+fmv£ ( Ì  4 P)mPo/gnxtuZ/m ¡ tWjuZhvjhroExz"cd}lze/c jmv£¶juZ/]tlhkjue}lhvjucdmroP}lhrq/Z6]gdmroPtªjum$jlZ/]z"}lc jlcdz8hvg­P}lhrq/Z ¥ /esjjlZ/]z"mPoE¢r]}tu]¬cittjl}lhrcnPZPju£¤mr} ¡ hr} w ¨YZ/]f£¤mrgdgnm ¡ cdo/]8gn]8\$]8oXjlhv}lx}l]8tue/gnjcdt&htuq@]Hz"cihvg¶¢P]}tycdmropmr£Ch^\hv{Ecd\fe\q/}lcdoz"cdq/gd]£¤mr}&]}lrm w cizzmroXju}lmrg@q/}lmr/gd]\t ¥ tu]](  FP ¥ ½]8\^\^h ¨ )6£¤mr}\^mr}l]¬hPz©Er}lmre/o w ¥ hvo w (  YFBFr ¥ ½]8\^\^h ¨ _)£¤mP}h$q/}umEmr£cdojlZ/]\^cno/³´q/gdetz8hrtu] ¨
  Ç=WÇ  :  :¯Ç"< 4 6%$ 6& 	
A ∈ Rn×nmin
! = $$      	VU    	 V7 92 
α
@#  	
V ∈
Rnmin '"

AV ≥ αV
E	   
(AV )i = αVi
     	   
#*>
i

A 
YZ/]tlhkjle/}hkjucdmror}hvq/Z@thrtltymsz"cihkjl] w jum$juZ/]fr]o]}hkjumP}ltmv£juZ/]]8cnP]otuqhPz"]ZhO¢r]h^}l]\hv}l©khv/gd]
tyju}lez"jue/}l] ¨ ashOx$juZ@hkjhftyju}lmro/Pgnxzmro/o/]Hz±jl] w zmr\^q6mro/]8oPj C mr£hr}hvq/Zcit)( 
 cn£¶£¤mP}]8hrzZo/m w ] i ¥jlZ/]}l]cdt¬hq@hkjuZ£¤}lmr\
i
jum
C ¥ hvo w cn£	juZ/]}l]cdto/mhv}z¬gd]8hO¢Ecdo/ C ¨
Í¤Î	ÏÍÑÐ
 
		 !"#$$#$ 6
  Ç=WÇ  :  :¯Ç"< 4 6 ,6& 	
A ∈ Rn×nmin
!   !      	VU    	 HV7  
α
1	
Ã = α−1A

	
C
!B   	     2!
A
 # 	
V
$B V7 92  	
A       H2!	   !  2  	 W
  V  "#$$	 #1	G Ã∗·j  B  j ∈ C 
  C  B	 9 ( 
   2! a/hkj (A, V ) 
      ]'@}ltyj¬q/}lmk¢r] =⇒  ¨ .9j&cit]8o/mrerZpjumz"mro@tyc w ]}¬juZ/]$zhPty] ¡ Z/]8o V = Ã∗·j ¨
aEcno@z"]
A
cdt
cd}l}u] w ez"cd/gd] ¥ hvgdgjuZ/]$]oXju}lcd]8t&mv£ Ã∗ hr}u] < +∞ ¨ Tmr}l]mk¢r]8} ¥ tycdoz] ρmin(Ã) = 0 ¥ |«}lmrq6mPtucnjucdmro ¨ xEcd]g w t
Ã∗ = I ⊕ Ã ⊕ · · · ⊕ Ãn−1 ¨ 8]8oz"] ¥ £¤mr}hrgng i 6= j ¥ juZ/]8}u]T]{scdtyjlth qhkjlZ p = (i0 =
i, i1, . . . , ik = j)
£¤}lmr\
i
jlm
j ¥ ¡ c jlZ>gn]8o/vjlZ 1 ≤ k ≤ n − 1 ¥ hvo w \^cdo/cn\hrg ¡ ]8cnPZXj ¥ jlZhkjcit Ã∗ij =
Ãi0i1 · · · Ãik−1ik ¨
Ì x Ì ]gdgn\hvo  tmPqsjucd\hvgdc jxq/}lcnozcnqgn] ¥ £¤mP}fhvgdg 0 ≤ l ≤ m ≤ k ¥ juZ/]tue/s³9qhvjuZ
(il, . . . , im)
ZhPt\^cdo/cn\hrg ¡ ]cdrZXj*, Ã∗ilim = Ãilil+1 · · · Ãim−1im ¨
YZ]o ¥ Ã∗ilj = Ãilil+1Ã∗il+1j ¥jlZhkjµcdt ¥ αVil = Ailil+1Vil+1 ¥
hro w
(il, il+1) ∈
ashvj
(A, V )
£¤mr}hvgdg
l = 0, . . . , k − 1 ¨ aEm£¤mr} i 6= j ¥jlZ/]}l]cdt¬hq@hkjuZ£¤}lmr\
i
jum
j
cdoTashkj
(A, V ) ¨
 tutue/\^] ¥ Xx$z"mPoPjl}lh w ciz±jucdmro ¥ juZhvjCjuZ/]8}u]]"{scitjt k ∈ C hvo w l 6∈ C tuezZjuZhvj (k, l) ∈ a/hkj (A, V ) ¨ascnoz]
l 6= j ¥ juZ/]8}u]^cithqhkjlZ¦£¤}lmr\ l jum j cdo ashkj (A, V ) ¥ hvo w tucnoz] C cithtyju}lmrorgdxpzmro/o]8z±jl] wzmr\^q6mro/]8oPjCmr£­ashvj
(A, V )
®¤Ex|«}lmrq6mPtuc jlcnmPo^ ¨ _E° ¥ jlZ/]}l]citCh&q@hkjuZ$£¤}lmr\ j jum k cnoashvj (A, V ) ¥ ¡ Z/cizZxEcd]g w tªhfz"cd}z"e/cnjªmr£	ashvj
(A, V )
qhPtutucnojuZ/}lmrerZ
C
hro w
k 6∈ C ¨ YZ/cdtªz"mPoXju}h w ciz±jt«jlZ/]¬£¯hPz±jªjuZhvj Ccith^tjl}umPo/rgdxzmro/o/]Hz±jl] w z"mr\^q6mro/]8oXjmr£Ca/hkj
(A, V ) ¨ ] 'ohrgngdxq/}lmk¢r]
=⇒
 ¨  tutue/\^]juZhvj C cit<jlZ/]e/o/ciXe/] 'ohrgz"gihrtlt<mv£­ashkj (A, V ) ¥ hro w gn]j«et'{
j ∈ C ¨ YZ/]o ¥ £¤mr}	]8hrzZ i ¥ ¡ ]z8hvoB'@o w hq@hkjuZ (i0 = i, . . . , ik = j) £¤}lmr\ i jum j cno^ashkj (A, V ) ¥ tymjlZhkj
Vi0 = Ã
∗
i0i1Vi1 ¥ . . . ¥ Vik−1 = Ã∗ik−1ikVik ¨
8¬]oz] ¥ Vi = Ã∗i0i1 · · · Ã∗ik−1ikVj ≤ Ã∗ijVj ¨
YZ/]
mrjuZ/]8}&cdo/]HPe@hvgdc jxpZ/mPg w t ¥ tycdoz] V = ÃV cn\^q/gdcn]Ht V = Ã∗V ¨ YZEet ¥ V = Ã∗·jVj
citµq/}lmrq6mr}ujucdmrohrg
jlm
Ã∗·j ¨

@
  	+ 	**+ /  %'
 ]}l]8zhrgng¶Z/]}l]tymP\$]}l]8tue/gnjlthr@mPesj£¤mr}l\hvg­q6mrgdxEo/mr\^cihvgithvo w q6mrgdxXomr\^cdhrg­£¤e/oz"jucdmrotmk¢r]}
Rmin ¥hro w cdoqhv}ujuciz"egdhr}«h\^cnos³9q/gdetªhvohrgnmPre/]mv£  juZ]£¤e/o w hr\^]oXjlhrg/juZ]mr}l]\ mv£hrgnP]/}h ±¥ ¡ Z/cizZcit w e/]jlm  e/o/cdo/PZhv\^]"³ Fµ}l]]o>hro w >]c ~]}(  F5+r2) ¨ YZ/]fzmro/o/]Hz±jlcnmPo>@]j ¡ ]8]opjuZ]f\^cno/³´q/gdet¬]¢khvgdehk³jlcnmPo\^mr}lq/Z/city\ hvo w jlZ/]]ozZ]gvjl}lhroty£¤mr}l\ ¥ ¡ hrthrgn}l]8h w x¬mPty]8}u¢P] w cdo (  F¸  +r2)shvo w ( Ì  4 P ¥as]8z±jlcnmPo  ¨  ¨ ) ¨ ] w ]8o/mvjl]Xx
Rmin[Y]
juZ]¬ty]8\^cn}lcnoµmr£@£¤mP}u\hrgsq@mPgnxEo/mP\$cihvgit ¡ cnjuZz"mE]§zcn]8oXjltCcdo Rmin cdo^juZ/]cdo w ]ju]8}u\^cdohkjl]
Y
,	h    #
P ∈ Rmin[Y]
cit¶omvjuZcno/&/esjChtu]8Xe/]o@z"]
(Pk)k∈N ∈ R
N
mintuezZfjuZhvj
Pk =
£¤mr}ChrgngE/esj 'oc jl]gdxf\hvoEx¢khvgde/]8t	mr£
k ¨ mr}l\hvgEq@mPgnxEo/mP\^cdhrgdt<hv}l]W]HXe/cnqq@] w ¡ cnjuZjlZ/]ª]oXju}lxX³ ¡ city]tye/\ ¥ (P⊕Q)k = Pk⊕Qk ¥ hvo w juZ/]  hve@zZXxµq/}lm w ez±j ¥ (PQ)k = ⊕0≤i≤k PiQk−i ¨
 t¶e@tyehrg ¥ ¡ ] w ]8o/mvjl]h£¤mP}u\hvgPq@mPgnxEo/mP\^cdhrg P hrth£¤mP}u\hvgXtye\ ¥ P = ⊕∞k=0 PkYk ¨  ]ªhvgitym w ]'o/]jlZ/]  > ! hro w  	 mv£
P
,
deg P = sup{k ∈ N | Pk 6=

} ¥ valP = inf{k ∈ N | Pk 6=  }®
deg P = −∞
hro w
valP = +∞
cn£
P =
/° ¨ Y¶m^hvoEx P ∈ Rmin[Y] ¥ ¡ ]µhPtutumsz"cihkju]¬juZ/]  
 !   	 
P̂ : Rmin → Rmin, y 7→ P̂ (y) =
⊕∞
k=0 Pky
k ¥ juZ@hkjcit ¥ ¡ cnjuZjuZ]etye@hvg­o/mrjlhkjlcnmPo ,
P̂ (y) = min
k∈N
(Pk + ky) .
®´r°
 ] w ]o/mrju]Ex
Rmin{Y}
jlZ/]pty]8\$cd}lcno/>mr£q@mPgnxEo/mP\^cdhrg«£¤e/oz"jucdmrot
P̂ ¨  mroXju}hv}lx>jum¦juZ/]zhPty]mr£}l]8hrgmr}z"mP\$qgn]{ q@mPgnxEo/mP\$cihvgit ¥ juZ]]8¢khvgdehkjlcnmPoJ\^mr}lq/Z/city\ ¥ Rmin[Y] → Rmin{Y}, P 7→ P̂ cdt
ÏÏ ØIâHá !J
+   
B 
	  
 @$	9	 # !	
omvjcnov~]8z±jlcn¢P] ¨ .ëo w ]] w ¥ juZ]]¢khvgdehkjlcnmPo\^mP}uq/Zcdtu\ cit]8tlty]8oXjucihvgdgnxh^tuq@]Hz"cihvgdcn²Hhkjucdmromv£	juZ]/]o@zZ/]gjl}lhroty£¤mr}l\ mk¢r]}
R
,
F : R
R
→ R
R
, F(f)(y) = sup
x∈R
(xy − f(x)) ,
tucdoz"] ¥ £¤mr}hvgdg y ∈ R ¥ P̂ (y) = −F(P )(−y) ¥ ¡ Z]}l] P cdt]"{Eju]8o w ] w jumh£¤e/o@z±jucdmro
P : R → R, x 7→ P (x), ¡ c jlZ P (x) =
{
Pk
cn£
x = k ∈ N ,
+∞
mvjlZ/]} ¡ cdtu]
®0P°
.9j£¤mPgngdm ¡ t£¤}umP\ ®FP°juZhvj P̂ cith^z"mPozhO¢P]&o/mPo w ]Hz"}l]8hrtucdo/£¤e/o@z±jucdmro ¡ cnjuZ>cdoXju]P]}tugnmPq@]Ht ¨.ëojuZ/]ty]HXe/]g ¥ ¡ ] w ]o/mrju]¬Ex vex f juZ/]z"mPoE¢r]"{^ZEe/gdg6mr£¶h\hvq f : R → R ¥ hvo w ¡ ] w ]o/mrju]&Xx
P
jlZ/]£¤mP}u\hrgq6mrgdxEo/mr\^cihvg ¡ ZmPtu]tu]8Xe/]o@z"]mr£z"mE]"§zcn]8oPjtcit¬mPsjlhrcno] w Exp}u]Htjl}uciz±jlcnojum N juZ/]zmroE¢r]{$ZEe/gdg6mv£­juZ]&\hvq
P : R → R ¨ YZEet ¥ P k = (vexP )(k) ¨ YZ/]¬£¤mrgdgnm ¡ cdo/}l]8tue/gnjcithtyq6]8zcdhrgz8hrtu]&mr£jlZ/]½]8r]8o w }l]"³ë/]o@zZ/]gÅcdoX¢P]}tycdmrojuZ/]8mr}l]\ ( msz*6v ¥ aE]Hz±jucdmroÉO2) ¨
  Ç=WÇ  :  :¯Ç"< 4 6  6 "  P ∈ Rmin[Y]  	  P   	       3#  Q   =		
Q̂ = P̂
    
P = P
"#
P
 > 2  
P k = sup
y∈R
(−ky + P̂ (y)) .
132 ÂEÇ  Â 54,6 9 D F H0J KMB4 C 1N2 6 O 6 BO C 7T < È 4$Q R6     3#    > !
n

P ∈
Rmin[Y]
E	   ( 
P = P
   #<3    	$ U !	
c1 ≤ · · · ≤ cn ∈ Rmin
!   	  	
P = Pn(Y ⊕ c1) · · · (Y ⊕ cn) .
  ci $ 9#(    W
ci =
{
Pn−i(Pn−i+1)
−1 c £ Pn−i+1 6=  mvjuZ]} ¡ cdtu] ¥
£¤mP}
i = 1, . . . , n .
®6v°
YZ/]\^cdos³´qgnetWhvohrgnmPre/]mv£jlZ/]ª£¤e/o w hr\^]oXjlhrgEjuZ/]8mr}l]\·mr£6hvgdr]8/}h w e/]ªjlm  eo/cnorZhr\$]³GFµ}l]]8o
hro w >]c ~]}¬z8hvo@]mPsjlhrcno] w Xxhvq/q/gdxEcno^YZ]mr}l]\  ¨ +fjlm P ¥ tycdoz] P = P hvo w P̂ = P̂ ¨
132 ÂEÇ  Â 54,6GM 9 D H   $QSRT6   9   # !   	
P̂ ∈ Rmin{Y}
  $!  	G$$  
 9   <
P̂ (y) = Pn(y ⊕ c1) · · · (y ⊕ cn) ,
®+P°
   	 
c1 ≤ · · · ≤ cn 
YZ/]
ci
hr}u]z8hvgdgn] w juZ/]  #! mr£
P̂ ¨ YZ]  3	 
    	  mr£ªjlZ/]zmr}lo/]} c citjlZ/]zhr} w cnohrgncnjxmr£juZ/]ptu]"j
{j ∈ {1, . . . , n} | cj = c} ¨  ]tuZhrgng w ]omvju]Ex C(P̂ ) jlZ/]tu]8Xe/]8oz"]mv£&zmr}lo/]}t ,
C(P̂ ) = (c1, . . . , cn) ¨ Ì x&]{Xjl]otucdmro ¥ c £ P ∈ Rmin[Y] cit¶h£¤mP}u\hvgrq@mPgnxEo/mP\$cihvg ¥ ¡ ] ¡ cdgdgPzhrgng  #!mr£
P
juZ/]zmr}lo/]}tªmv£
P̂
,
C(P ) = C(P̂ ) ¨ Ì x|«}lmrq6mPtuc jlcnmPop ¨ 6 ¥ C(P ) = C(P ) ¨ Fµ]8mr\^]"jl}ucizhrgngdx ¥ jlZ/]£¤eoz±jlcnmPo
P
cdtjuZ/]}l]8tyju}lcdz"jucdmrojum
N
mr£jlZ/]z"mPoX¢P]"{£¤e/o@z±jucdmro
vexP ¥ ¡ ZcdzZcdtq/cn]Hz"] ¡ cdtu]hk§o/]mrocnjlt¬tye/qq@mP}yj ¥ [val P, deg P ] ¥ hro w P̂ cdtzmroz8hO¢r] ¥ q/cd]8z] ¡ city]hv§^o] ¨
Í¤Î	ÏÍÑÐ
 
		 !"#$$#$ 
  Ç=WÇ  :  :¯Ç"< 4 6@7  6     #! c ∈ R       # P ∈ Rmin[Y]  5 U   	3	  B	 	      
P̂
  #	     9	             	=	<!>2 	H 	  !  	5 
 	 
vexP : [valP, deg P ] → R       	  #    	    
 c ∈ R  ! 	<	   	/  $ 
P̂
	
c

P̂ ′(c−) − P̂ ′(c+)

H 	    >    	 5	   >	
H	 	G2     
vexP
 < ! 
−c     !       
  P    
 9    
P̂ ′(
 −) := limc→+∞ P̂ ′(c) 6= 0  "
 	  	  2
P̂ ′(
 −)  B	B   	 
    	<   
  	    >   	 
val P 
     YZ]^zZ@hv}hrz±jl]}lcn²HhkjlcnmPoTmv£juZ/]zmr}lo/]}thvo w mv£juZ/]8cn}\e/g jlcnqgnciz"cnjucd]8tcdoSju]8}u\tmv£ P̂ cit w e/]jlm  e/o/cdo/rZhr\^]"³ Fµ}u]8]ohro w >]c ~]}B(  F +r) ¨ .9jzhro6] w ] w ez"] w £¤}lmr\®+P° ¥ tycdoz] ¡ Z]o c ∈ R ¥
Q̂(y) := (y⊕ c)k = k min(y, c)
Zhrt
c
hPt«e/ocdXe/]q6mrcdoXjWmv£­o/mPo w c6]8}u]8oPjlcdhr/cdgncnjx ¥ ¡ c jlZ Q̂′(c−) = khro w
Q̂′(c+) = 0 ¨ YZ/]Szhrtu] ¡ Z/]8}u] c = cithJtjl}lhrcnPZPju£¤mr} ¡ hr} w z"mPotu]8Xe/]o@z"]>mv£S®+P° ¨ YZ/]zZ@hv}hrz±jl]}lcn²HhkjlcnmPo$mr£juZ]µzmr}lo/]}tWhro w mr£juZ/]8cn}\e/g jlcnqgnciz"cnjucd]8tªcdoju]8}u\tªmv£
vexP
£¤mPgngdm ¡ tW£¤}umP\ ® 6v° ¥tucdoz"] ¡ Z/]8o ci ∈ R ¥ ci = P n−i − P n−i+1 = (vexP )′(x) £¤mr}fhrgng x ∈ (n − i, n − i + 1) ¥ hro w
ci =

=⇒ P n−i = P nc1 · · · ci =
 ¨
YZ/] w ehvgdcnjx 6]"j ¡ ]]o zmr}lo/]}tºhvo w tugnmPq@]Htºcno |W}umPq@mXtycnjucdmro  ¨ 8 cit h tuq@]Hz"cihvg¦z8hrtu]4mr£jlZ/]Ë½]8r]8o w }l]"³ë/]o@zZ/]g w ehrgncnjx0£¤mP}u\e/gdh £¤mr} tue/ w c6]8}u]8oPjlcdhrgdt ,
−c ∈ ∂(vexP )(x) ⇔ x ∈
∂F(P )(−c) ⇔ x ∈ ∂+P̂ (c) ¡ Z/]8}u] ∂ hvo w ∂+ w ]o/mrju]&juZ/]tue/ w c Å]}l]oXjucihvg­hro w tue/q6]} w c6]8}u]8oPjlcdhrg ¥}l]8tuq6]8z±jlcn¢P]gdx ( mEz26k ¥ YZ ¨ v ¨ ) ¨
Â    4,687"76& 	
P =
⊕n
i=0 PiY
i ∈ Rmin[Y]
!H    
    > !
n    
C(P ) = (c1 ≤ · · · ≤ cn)
   #<9    
P ≥ Pn(Y ⊕ c1) · · · (Y ⊕ cn)


Pn−i = Pnc1 · · · ci
£¤mP}hvgdg
i ∈ {0, n} ∪ {i ∈ {1, . . . , n − 1} | ci < ci+1} .
®¯P°
"  	       Pn−i = P n−i   2   i B ®FP° 
      ]<'}ltyj^q/}umk¢P]juZ]  mro/gdxÉc £  qhv}uj ¨ .9£ C(P ) = (c1 ≤ · · · ≤ cn) ¥ jlZ/]o P = Pn(Y ⊕
c1) · · · (Y ⊕ cn)
hvo w
P n−i = P nc1 · · · ci
£¤mr}hvgdg
i = 1, . . . n ¨ ]8zhrgngªjlZhkj P w ]'o/]Ht^h¦\hvq
x 7→ P (x)
Exº®0P° ¨ Ì x w ]'oc jlcnmPo mv£ vexP ¥ jlZ/]]qcnP}lhrq/ZÉmv£ vexP ¥ epi vexP ¥ citjuZ/]z"mroE¢P]"{ZEe/gdgmv£&juZ/]>]8q/cdr}hvq/Zmv£
P ¥ epi P ¨ Ì xJhÉzgdhPtutucdz8hvg}l]8tue/g j ( msz*6v ¥  mP}*+ ¨  ¨ ) ¥ cn£ S cdthÉtu]"j
¡ cnjuZSz"mPoX¢P]"{>ZEe/gdg C ¥ hroEx]{Eju}l]\^]q6mrcdoXjµmr£ C 6]gdmro/Xtjlm S ¨ ½¶]"jethvq/qgnxjuZcdtµjlm S = epi Phro w
C = epi vexP ¨ aEcdoz"] P n−i = Pnc1 · · · ci ¥ juZ/]qcn]Hz"] ¡ citu]hk§o/]\hvq vexP zZhro/r]Htc jttugdmrq6]hkjhroEx¦q6mrcdoPj
n − i
tuezZÉjuZhvj
ci < ci+1 ¨ YZEet ¥ hroEx¦q6mrcdoPj (n − i, vexP (n − i)) ¡ c jlZ
ci < ci+1
cdt<hro]"{Eju}l]\^]q@mPcnoXjmr£
epi vexP ¥ ¡ Z/cizZcn\^q/gdcd]8tjuZhvj (n−i, vexP (n−i)) ∈ epi P ¥ c ¨ ] ¨ ¥
Pn−i ≤ vexP (n− i) = P n−i ¨ ascnoz]jlZ/]¬mrjuZ/]8}Wcdo/]8Xehrgncnjx^cdtWju}lcn¢Ecihvg@Xx w ]'o/cnjucdmromr£­juZ/]µz"mPoX¢P]"{ZEe/gdg ¥ ¡ ]$ZhO¢P] Pn−i = P n−i ¨ 4 E¢EcnmPetugnx ¥ P hvo w P Z@hO¢r]jlZ/]tuhr\^] w ]8r}l]] ¥ ¡ Z/cdzZcdt]HXehvg	jum
n ¥ hvo w jlZ/]xZhO¢r]µjlZ/]ftlhv\^]¢khvgdehkjlcnmPo ¥ k ¨ YZ/]o ¥ (n, vexP (n)) hvo w (k, vex P (k)) hv}l]]"{Eju}l]\^]q6mrcdoXjlt­mr£
epi vexP ¥ hvo w Xx¬juZ/]Wq/}u]Hz"] w cnohv}lre/\^]oXj ¥ Pn = P n ¥ hvo w Pk = P k ¨ 8]8oz"] ¥ P0 = P 0 ¥cn£
k = 0 ¥ hro w P0 = P 0 = +∞ ¥ cn£ k > 0 ¨  ]ZhO¢r]tuZ/m ¡ o ®¯X° ¥ jlmrP]"juZ]} ¡ c jlZ$juZ/]gihrtyj«tjhkju]8\^]oXjmr£¶jlZ/]gn]8\^\^h ¨ aEcdoz"] P n = Pn hvo w P ≥ P ¥ ¡ ]hrgdtum^mrsjhvcdo P ≥ Pn(Y ⊕ c1) · · · (Y ⊕ cn) ¨mr}jlZ/]  cn£  qhv}uj ¥ hPtutue/\^]juZ@hkj P ≥ Pn(Y ⊕ c1) · · · (Y ⊕ cn) hvo w jlZhkjp®¯X°Z/mrg w t ¨ aEcdoz"]
Q = Pn(Y ⊕ c1) · · · (Y ⊕ cn)
citz"mPoX¢P]"{ ¥ hvo w jlZ/]z"mPoE¢r]"{TZEe/gdg«\hvq P 7→ P cdt\^mromvjumPo/] ¥ ¡ ]\etyj&ZhO¢P]
P ≥ Q = Q ¨ 8]8oz"] ¥ P geqP ≥ Q hvo w tycdoz"] Pn−i = Qn−i £¤mP}µhrgng i hPtcdoJ®¯X° ¥ ¡ ]\etyjªZhO¢P]
P n−i = Qn−i ¥ jlZEet vexP (n− i) = vexQ(n− i) hkjªjuZ/]Hty] i ¨ ascnoz] vexP citªz"mroE¢P]"{ ¥tucdoz"]
vexQ
citqcn]Hz"] ¡ citu]µhv§^o]µhro w vexQ(j) = vexP (j) £¤mr} j hkjªjuZ]µ6mreo w hv}lx^mv£juZ/] w mr\hrcnomr£
vexQ
hro w hvjhrgng6juZ]
j ¡ Z]}l] vexQ zZ@hvo/P]8t«mr£	tugnmPq@] ¥ ¡ ]µ\fetyjZhO¢r] vexP = vexQ ¨ 8¬]oz]
P = Q = Q
hvo w
C(P ) = C(P ) = C(Q) = (c1, . . . , cn) ¨
ÏÏ ØIâHá !J
H   
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
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YZ]hv6mk¢r]o/mvjlcnmPothv}l]cngdgdetjl}lhvju] w cdoT	cnPe/}l]$ ¥ ¡ Z/]8}u] ¡ ]z"mro@tyc w ]}jlZ/]£¤mP}u\hvg­\^cdos³9q/gne@tq@mPgnxX³omr\^cdhrg
P = Y3⊕5Y2⊕6Y⊕13 ¨ YZ/]\^hrq j 7→ Pj ¥ jlmrP]"juZ]} ¡ c jlZfjlZ/]\hvq vexP ¥ hv}l] w ]q/ciz±jl] whvj¬jlZ/]gd]"£Ñjmv£WjuZ/]'re}u] ¥ ¡ Z]}l]8hrtjuZ/]$q6mrgdxXomr\^cdhrg¶£¤eoz±jlcnmPo P̂ cit w ]q/ciz±jl] w hvj¬jlZ/]}lcdrZXj&mr£«juZ/]'@re/}l] ¨  ]fZhO¢P] P = Y3 ⊕ 3Y2 ⊕ 6Y ⊕ 13 = (Y ⊕ 3)2(Y ⊕ 7) ¨ YZEet ¥ jlZ/]zmr}lo/]}tmv£ P hv}l] 3hro w
7 ¥ ¡ c jlZ>}u]Htyq6]8z"jucd¢r]\feg jlcnq/gdciz"cnjucd]8t 2 hro w 1 ¨ YZ/]z"mP}uo/]8}lthr}u]¢Ecitye@hvgdcn²8] w hkjjlZ/]}lcnPZPjmr£<juZ/]'@re/}l] ¥ mr}&hrg jl]}lohkjlcn¢P]gdx ¥ hrtjlZ/]fmPq/q6mPtuc jl]mv£CjlZ/]tugnmPq@]Htmr£CjuZ/]fj ¡ mgdcno]tu]r\^]8oPjt¬hvj¬juZ]fgd]"£Ñj&mr£jlZ/]'@re/}l] ¨ YZ/]¬\e/gnjucdq/gnciz"cnjucd]8tz8hvo6]¬}l]8h w ]8c jlZ/]}ªmro^jlZ/]µ\^hrq P̂ hkjjuZ/]&}ucdrZXjWmr£­juZ/] 're/}l]f®¤juZ/]¢khr}ucihkjlcnmPo>mv£WtugnmPq@]mv£
P̂
hkjq6mrcdoPjt
3
hvo w
7
cdt
2
hro w
1 ¥ }l]8tuq@]Hz±jucd¢r]8gnx/° ¥ mP}¬mPo>juZ/]$\hvq vexP hvjjlZ/]gd]"£Ñjmv£	juZ]@'@re/}l]®¯hrtªjlZ/]}l]8tuq@]Hz±jucd¢r]Z/mP}ucd²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	cdre/}l]É>,TYZ/]p£¤mP}u\hrgª\^cdos³9q/gne@tq@mPgnxEo/mP\^cdhrg
P = Y3 ⊕ 5Y2 ⊕ 6Y ⊕ 13
hro w c jthrtltymsz"cihkjl] w
q6mrgdxEo/mr\^cihvgÅ£¤e/o@z±jucdmro
P̂ ¨
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 ]}l]8zhrgngCZ]}l]jlZ/] w ]'o/cnjucdmrotmr£ªzmroE¢r]8oPjlcnmPohvgChro w \$cdos³9q/gdetaszZEe/}z"mP\^q/gn]8\^]oXjlt ¨  ]tuZhrgngzmrotuc w ]}\hvju}lcdz]8tcdo w ]{s] w Ex  hrtjl}lhPz±jcdo w ciz"]Ht  ,­c £ L hvo w M hv}l] 'oc jl]tu]"jlthvo w S cdt	htu]\^cn}lcdo/ ¥h
L×M
\^hvju}lc { ¡ cnjuZ¢Ohrgne]8tcno S cdtªhvo]gd]\^]oXj A mv£ SL×M hro w jlZ/]&]8oXju}lcn]HtWmr£ A hr}u] w ]o/mrju] wEx
Aij ¡ cnjuZ i ∈ L hvo w j ∈ M ¨ >mP}u]8mk¢r]} ¥ £¤mr}hvgdg J ⊂ L hvo w K ⊂ M ¥ ¡ ] w ]8o/mvjl]Ex AJK juZ/]
J × K
tye/\^hvju}lc {mv£
A
,
AJK = (Ajk)j∈J, k∈K ¨ YZ/cit w ]'@o/c jlcnmPo¦hvqq/gncd]8tjum n × n \hkjl}uciz"]HtExjhv©Ecdo/
L = M = {1, . . . , n} ¨ Fµ}hvq/Z@tmv£ L × L \hkjl}uciz"]Ht A hv}l] w ]'o/] w hrtª£¤mP} n × n \hkju}lciz"]8t®Fty]8]aE]8z"jucdmroT ¨ H° ¡ cnjuZjuZ/]mPo/gdx w c6]8}u]8oz"]µjuZ@hkjjuZ]ty]jmv£om w ]8tcit L ¨
Â < :  :¯Ç"< 4 6@7$4,6 ½]j
C ⊂ L
@] 'o/cnju]tu]"jt ¥ hvo w gn]j N = L \ C ¨ .9£ a cith L× L \hkju}lcn{ ¡ c jlZ]8oXju}lcn]Htcno
C ¥ hvo w cn£ aCC citcdoX¢P]}ujucd/gd] ¥ juZ]        #   	 mv£ C cdo a cdt w ]'o/] w Xx
Schur(C, a) = aNN − aNC(aCC)
−1aCN .
Â < :  :¯Ç"< 4 6@7>O 6 ½]j
C ⊂ L
6] 'o/cnju]ty]jlt ¥ hvo w gn]j N = L \C ¨ .9£ A cdth L×L \hkjl}ucn{ ¡ c jlZ]8oXju}lcn]Htcno
Rmin ¥ λ ∈ Rmin \ {  } ¥ hro w ρmin(λ−1ACC) ≥ 0 ¥ jlZ/]\^cno/³´q/gdet λ ³       
   	mr£
C
cno
A
cit w ]'o] w Ex
Schur(C, λ, A) = ANN ⊕ ANC(λ
−1ACC)
∗λ−1ACN .
®y8P°
 Z]o
λ =

= 0 ¥ ¡ ]tyZhrgngtucd\$qgnx ¡ }ucnju] Schur(C, A) cno@tjl]8h w mv£ Schur(C,  , A) ¨
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.ëo£¯hrz"j ¥ cdo jlZ/]>ty]HXe/]g ¥ ¡ ]tuZhvgdg\^mPtyjugdx ety]p\^cdos³´qgnetaszZEe/}zmr\^q/gd]\^]oXjz"mr}l}l]8tuq@mPo w cdo/jlm
λ = ρmin(A) ¨ YZ]rmPhrg<mv£WjlZ/]cdoty]8}yjlcnmPomr£jlZ/]o/mP}u\hvgdcd²cdo/£¯hPz±jlmr}t&cdo ®HP°&cdtjumpr]jjuZ/]£¤mPgngdm ¡ cdo/Zmr\^mrP]o/]8c jxq/}lmrq6]}ujx
,
Schur(C, µλ, µA) = µ Schur(C, λ, A) ,
®PH°
£¤mP}hvgdg
λ, µ ∈ R
tyezZjuZ@hkj
λ ≤ ρmin(ACC)
hvo w
µλ ≤ ρmin(ACC) ¨ &tycdo/jlZ/]&tlhv\^]¬tuxE\f6mrg ¥  Schur¥ 6mvjuZ£¤mr}zmroE¢r]8oXjucdmrohrghvo w \$cdos³9q/gdetaszZEe/}ªz"mP\$qgn]8\$]8oXjltcito/mvjhv\fcnPe/mret ,<z"mro@tyc w ]}lcdo/\^cnos³9q/gdetaszZEe/}zmr\^q/gd]\^]oXjtWmr£¶z"mr\^q/gd]"{\hkjl}uciz"]Ht ¥ mr}ªz"mPoX¢P]os³jlcnmPohvg¶a/zZXe}z"mr\^q/gd]\^]8oPjtmv£	\$cdos³9q/gdet\hkjl}uciz"]Ht ¥ ¡ mre/g w @]\^]8hro/cdo/rgd]8tlt ¨Ì mvjlZp\$cdos³9q/gdethvo w zmroE¢r]8oPjlcnmPohvg­aszZEe/}zmr\^q/gd]\^]oXjlttlhkjlcdty£¤x
Schur(C ∪ C ′, a) = Schur(C, Schur(C ′, a))
®Or°
£¤mP}hrgng
L × L
\^hvju}lcdz]8t
a ¥ hro w £¤mr}$hvgdg w cdt¯~mrcdoXj$tue/tu]"jltmv£cdo w ciz"]Ht C, C ′ ⊂ L ¥ q}umk¢Ec w ] w jlZhkjjlZ/]aszZEe/}z"mr\^q/gd]\^]8oPjthv}l] ¡ ]gdg w ]'o/] w ®¯c £ Schur(C ′, a) cit ¡ ]8gng w ]'o/] w ¥ juZ]oTjlZ/]^gn]£ÑjZhvo wtuc w ]fmr£$®Or°¬]"{scitjt¬cn£ ¥ hvo w mro/gdx>c £ ¥ cnjltµ}lcnPZXj¬Zhvo w tuc w ]$]"{scitjtl° ¨ 4 £Wz"mre}ltu] ¥ ®Or°¬cdtµhzgdhPtutucizhvgFhretltycihvo]8gncd\^cno@hkjucdmroc w ]oXjucnjx ¥ ¡ Z/cizZcit ¡ ]8gngÅ©Eo/m ¡ o ¥ 6mvjlZcdozmroE¢r]8oPjlcnmPohvg6hvgdr]8/}lhfhvo w cnojuZ/]\^cdos³9q/gne@t	hrgnP]/}h®¤juZ/]ªgn]£ÑjCZhvo w tyc w ]ªhvo w juZ/]ª}ucdrZXj	Zhvo w tyc w ]ªmv£®HP°¶hr}u]e/ohr\f/cdre/mPet}hkjlcnmPohvg
]{sq/}u]Htutucdmrot ¥ ¡ cnjuZS]gd]\^]8oPjhv}lxpcnoXju]8}uq}u]jlhkjlcnmPot&cnoju]8}u\tµmv£Wq@hkjuZ@t ¥ tu]]£¤mr}µcdotjhvoz]<( ½¶hrg 6v2)<£¤mr}\^mP}u]hPz©XP}umPe/o w ° ¨	cdohvgdgnx ¥ cn£ K ⊂ L hvo w c £ b citjuZ/] K×K tue//\hkjl}ucn{mv£ a ¥ ¡ ]ªtuZhrgngstumr\^]"jlcn\^]8t ¡ }lc jl]ªhr/etucn¢P]gdx
Schur(b, a) ¥ cdotjl]8h w mr£ Schur(K, a) ¨ ]o/m ¡ Pcn¢P]ªtumr\^]r}hvq/ZcnoXjl]}lq/}u]jlhvjucdmrotmv£@juZ/] ¡ ]cdrZXjlt<hro w ]8cnP]oE¢khvgde/]8t	mr£@\^cno/³´q/gdet«aszZEe/}zmr\^q/gd]\^]oXjt ¨ ½]"j G 6]ªh¬r}hvq/Z ¡ cnjuZ$ty]jmr£o/m w ]8t L ¥ gd]"j C @]h¬tue/tu]"j<mv£ L hvo w ty]j N = L\C ¨mr}hvgdg<qhkjlZt
p = (i0, . . . , ik)
mr£
G ¥ ¡ ] w ]8o/mvjl]Ex |p|C jlZ/]^oEe/\f6]}mv£ªhv}zt&mv£ p ¡ c jlZcdo/cnjucihvgom w ]fcdo
C ¥ c ¨ ] ¨ ¥ |p|C = #{0 ≤ m ≤ k − 1 | im ∈ C} ¥ ¡ Z/]8}u] # w ]o/mrju]8t¬juZ]$z8hv} w cno@hvgdc jxmv£Whtu]"j ¨ ®  gdg	juZ/]$qhvjuZ¦cdoXju]8}uq/}l]"jhkjlcnmPot6]gdm ¡ ZhO¢P] w ehrg	¢P]}tycdmro@t ¥ mrsjhvcdo/] w Xxp}l]q/gihrzcno  cdo/cnjucihvg Ex  'ohrg  ¨ °  ]hvgitym w ]8o/mvjl]Ex p ∩ C jlZ/]tye/@ty]HPe]oz]mr£ p mrsjhvcdo/] w Xx w ]gd]"jlcno/juZ]$om w ]8tomvjcno
C
®
p ∩ C
o/]] w o/mrjµ6]hq@hkjuZSmv£
G
° ¨ YZ/]$£¤mPgngdm ¡ cnoz"gihrtltucdz8hvg	cnoXju]8}uq}u]jlhkjlcnmPoTmv£aszZEe/}zmr\^q/gd]\^]oXjtcdthrocd\^\^] w cihkjl]zmrotu]8Xe/]8oz"]mr£¶juZ]r}hvq/ZcnoXjl]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jlhvjucdmromr£jlZ/]tyjlhv} ¨
Â    4,687  6& 	
C ⊂ L
! (  	G<	 # 	
N = L \ C   	 A !  L × L  	VU   	 = 	  
Rmin
 

λ ∈ Rmin \ {

}
!   :	  	
ρmin(ACC) ≥ λ  
  
p
  	 

G(Schur(C, λ, A))
  # 9 H   	     U !	  	 
p′

G(A)
   	 5	   U	   

  
p

   =		
p′ ∩ N = p     ! )   	 7 p  G(Schur(C, λ, A))    
|p|Schur(C,λ,A) = min |p
′|A − λ|p
′|C ,
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p′

G(A)
	  	:	   U	   

  2
p

:	 !
p′ ∩ N = p  "   	      c          	 G(Schur(C, λ, A))   # 9     	     U> 	       	
c′

G(A)
!  5		
c′ ∩ N = c  #!         	 c 
G(Schur(C, λ, A))
   & 2
|c|Schur(C,λ,A) = min |c
′|A − λ|c
′|C ,
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c′

G(A)
!  H	  	
c′ ∩ N = c 
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C ⊂ L
! (  	G	  #< 	
N = L \ C   	 A !  L × L  	VU   	   	 
Rmin
 #
λ ∈ Rmin \ {

}
!B   	  	
ρmin(ACC) ≥ λ  
  
ρmin(Schur(C, λ, A)) = min
|c′|A − λ|c
′|C
|c′| − |c′|C
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c′

G(A)
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 
c
     	   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Schur(C, λ, A)
  
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9     	$ U 	       	
c′

G(A)
!  H	  	
c′ ∩ N = c


c′
    * ®y8X° 
      &tycdo/T®¯_X°hvo w ½¶]\^\h ¨ _ ¥ ¡ ]r]"j
ρmin(Schur(C, λ, A)) = min
c    	   N
|c|Schur(C,λ,A)
|c|
= min
c    	   N
(
min
c′    	 G(A), c′∩N=c
|c′|A − λ|c
′|C
|c|
)
= min
c′     	 G(A), c′∩N 6=∅
|c′|A − λ|c
′|C
|c′| − |c′|C
,
tucdoz"]
|c′ ∩ N | = |c′| − |c′|C
£¤mr}fhrgngz"cd}lze/c jt
c′ ¨ YZ/citxEcd]g w t®HP° ¨ .9£ c cithpz"}lcnjucizhvgz"cd}lze/c jmr£
Schur(C, λ, A) ¥ juZ]o ρmin(Schur(C, λ, A)) = (|c|Schur(C,λ,A))/|c| hvo w Ex½¶]\^\hT ¨ _ ¥ juZ/]8}u]]{scdtyjlthpz"cd}z"e/cnj
c′
mr£
G(A)
tye@zZ¦jlZhkj
c′ ∩ N = c
hro w
|c|Schur(C,λ,A) = |c
′|A − λ|c
′|C ¨ aEcdoz"]cdo jlZhkjzhPty] ¥ |c| = |c′ ∩ N | = |c′| − |c′|C ¥ ¡ ] w ] w e@z"]jlZhkj c′ \^cno/cd\^cn²8]8tp®HP° ¨  mroE¢P]}ty]8gnx ¥cn£
c′
\^cnocn\^cd²]8t®HP° ¥ juZ/]8o ¥ c = c′ ∩ N cdto/mro]\^qsjx hvo w Xx ½¶]\^\h ¨ _ ¥ c cit$h¦z"cd}z"e/cnjmr£
G(Schur(C, λ, A)) ¨ >mP}u]8mk¢r]8} ¥ Ex½]8\^\^h ¨ 8_$hrPhvcdo ¥
ρmin(Schur(C, λ, A)) ≤
|c|Schur(C,λ,A)
|c|
≤
|c′|A − λ|c
′|C
|c′| − |c′|C
= ρmin(Schur(C, λ, A)) ,
jlZEet
c
cdthz}ucnjucizhrgz"cd}lze/c jmr£
Schur(C, λ, A) ¨
¸¬mvju]µjlZhkjc £
c′
cdthz"cd}lze/cnjªcdo
C ¥ jlZhkjcitc £jlZ/] w ]omr\^cno@hkjumP}cdo®y8X°«cit²]8}um ¥ jlZ/]oXe\$]8}lhvjumP}cito/]Hz"]8tltlhv}lcngdxo/mroo/]Xhkjucd¢r] ¥ tycdoz"] λ ≤ ρmin(ACC) ¨
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C
w ]8o/mvjl]juZ/]$ty]j¬mv£«z"mPoPjlcnoEe/mPetª£¤e/oz"jucdmrot
f
£¤}umP\ tumr\^]cdoPjl]}l¢khvg
(0, ε0)
jlm
C ¡ cnjuZ ε0 > 0 ¥tuezZjuZhvj
|f(ε)| ≤ ε−k
mro
(0, ε0) ¥ £¤mr}tumr\^]q@mXtycnjucd¢r]z"mPotyjlhvoXj k ¨ aEcdoz"]hrgngÅjlZ/]q/}lmrq6]}ujucd]8tªjlZhkj
¡ ] ¡ cngdg«q/}lmk¢r]$cdojlZ/]tu]8Xe/]g ¡ cdgdg«Z/mrg w mro tymP\^]$o]cdrZE@mP}uZmXm w tµmr£ 0 ¥ ¡ ]tuZhvgdg«}hkjlZ/]}etu]^juZ/]}lcdo/mv£ 7  hkj
0
mr£«]gd]\^]oXjlt&mv£
C ¥ ¡ Z/cdzZ¦cdt&mrsjhvcdo/] w Ex>Xe/mvjlcn]8oXjucdo/ C ExjlZ/]f]HXe/cn¢khrgn]8oz"]}l]gihkjlcnmPojlZhkjc w ]oXjuc ']Htª£¤e/oz±jlcnmPot ¡ Z/cizZzmrcdoz"c w ]µmrophfo]cdrZE@mP}uZmXm w mv£ 0 ¨ YZ/cdt}lcdo/mr£P]}l\^t
¡ cdgdg@]hvgitym w ]8o/mvjl] w Ex C ¨ /mP}hvoExP]}l\ f ∈ C ¥ ¡ ]tuZhvgdg¶hvetycd¢r]8gnx w ]o/mrju]Ex f(ε) mP} fε juZ/]¢khrgne/]$hkj
ε
mv£hroXxp}l]q/}l]8tu]oXjhkjucd¢r]fmv£CjuZ]P]}l\
f ¨  ]$tuZhvgdg	\^hr©r]$htucn\^cdgdhr}µhr/etu]£¤mr}µ¢r]Hz±jlmr}t ¥\hvju}lcdz]8t ¥ q@mPgnxEo/mP\$cihvgit ¡ Z/mPtu]z"mE]"§zcn]8oPjthv}l]r]}l\t ¨  ]zhvgdg  U
 9	 mv£ f ∈ C ,
e(f)  = lim inf
ε→0
log |f(ε)|
log ε
∈ R ∪ {+∞} .
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 !"#$$#$ H
 ]ZhO¢r] ¥ £¤mr}hrgng f, g ∈ C hro w λ ∈ C ¥
e(f + g) ≥min(e(f), e(g)) ,
®yHr°
e(fg) ≥e(f) + e(g) ,
®y 0P°
¡ cnjuZ]8Xehrgncnjxcdo®yHP°<c £ e(f) 6= e(g) hro w ]8Xehrgncnjx^cno® 0X°Ccn£juZ]&gdcn\^cdos£¶cdojuZ] w ]'o/cnjucdmromv£ e(f)mP}
e(g)
citCh&gncd\^c j ¨ YZEet ¥ f 7→ e(f) cit  hrgn\^mPtyj  h&\^mr}lq/Z/city\ C → Rmin ¨ .ëojuZ/]tu]8Xe/]gE]{Eq6mro]oXjlt
¡ cdgdg66]z"mPotyc w ]8}u] w hrtª]gd]\^]8oPjtªmv£ Rmin ¥ tumjlZhkj®*0P° ¡ cngdgÅ@] ¡ }lc juju]8ohPt e(fg) ≥ e(f)e(g) ¨  o]8gn]8\^]oXj
f ∈ C
citcdoE¢r]8}yjlcn/gd]cn£ ¥ hvo w mro/gdx^c £ ¥ e(f) 6= >®¯mr}ª]8Xe/cd¢Ohrgn]8oXjugdx ¥ c £­jlZ/]}l]µ]"{scdtyjlthq6mPtuc jlcn¢P]zmrotyjlhroXjµtuezZTjlZhkj
|f(ε)| ≥ εk
° ¨ .9£ f citµcnoE¢r]8}yjlcngn] ¥ cnjltcdoE¢r]8}ltu]citµjuZ/]$\hvq f−1 : ε 7→ f(ε)−1hro w ¡ ]Z@hO¢r] e(f−1) ≤ e(f)−1 ¡ c jlZ ]8XehrgncnjxTcn£ ¥ hro w mro/gdx¦cn£ ¥ juZ/]gdcd\$cdos£cdoSjuZ/] w ]'o/cnjucdmro mr£
e(f)
cdt¬hgdcd\$cnj ¨ ]tyZ@hvgdgtuhOxjlZhkj
f ∈ C
Zhrth!( !	   ! #	G	    cn£
f(ε) ∼ aεA, ¡ Z/]8o ε → 0+ , ®6v°
¡ cnjuZS]cnjuZ]} A ∈ R hvo w a ∈ C \ {0} ¥ mr} A = +∞ hro w a ∈ C ¨ .ëoTjlZ/] '}tjzhPty] ¥ ®y26v°¬\^]8hrotjlZhkj
limε→0 ε
−Af(ε) = a ¥ cdo>juZ/]$ty]Hz"mPo w zhPty] ¥ ®6v°\^]HhvotjuZhvj f = 0 ®¤cdo¦ho/]8cnPZE@mP}uZ/mEm w mv£
0
° ¨  ]ZhO¢r],
f(ε) ∼ aεA =⇒ e(f) = A ,
®y +X°
hro w jlZ/]$gncd\^cnos£ªcno®8_X°¬cdthgncd\^c j ¨  ]^tuZhvgdgChvgitymo/]] w hvo]8Xe/cd¢khvgd]oz]o/mrjucdmro¦tugdcnPZPjlgnx ¡ ]8hr©r]8}jlZhvo
∼ ¨ .9£ f ∈ C ¥ a ∈ C hvo w A ∈ Rmin ¥ ¡ ] ¡ }ucnju]
f(ε) ' aεA
®y8P°
cn£
f(ε) = aεA + o(εA) ¨ .9£ A ∈ R ¥ juZ/cit\^]8hrotjlZhkj limε→0 ε−Af(ε) = a ¨ .9£ A = +∞ ¥ jlZ/cdt\^]HhvotExSz"mroE¢P]oXjucdmrojuZhvj
f = 0 ¨ .9£ a 6= 0 mP} A = +∞ ¥ jlZ/]o f(ε) ' aεA cn£ ¥ hro w mro/gdx¦cn£ ¥
f(ε) ∼ aεA
hvo w cdojuZhvj¬zhrtu]
e(f) = A ¨ .ëopr]8o/]}hvg ¥
f(ε) ' aεA =⇒ e(f) ≥ A .
®FvX°
 mPoX¢P]}ty]8gnx ¥ e(f) > A =⇒ f(ε) ' 0εA ¨ 4 £zmre/}ty] ¥ cdoË®HP° ¥ aεA \fe@tjf6]¢Ecd] ¡ ] w hrth£¤mP}u\hrgC]"{sq/}l]8tltycdmro ¥ £¤mP}juZ]]8Xe/cd¢Ohrgn]8oz"]$jlm>@]\^]8hro/cdo/v£¤e/g ¡ Z/]o a = 0 hvo w A ∈ R ¨ .ëo ®y +P° ¥Zm ¡ ]8¢r]} ¥ aεA zhvo6]¢Xcd] ¡ ] w ]cnjuZ]}hrth£¤mP}u\hvg­]{sq/}u]HtutucdmromP}hrthro]8gn]8\$]8oXjmv£ C ¨YZ/}lmrerZ/mPesjjuZ/]q@hvq6]} ¥ ¡ ]z"mro@tyc w ]}hp\^hvju}lc { A ∈ Cn×n hvo w ¡ ]tuZhvgdg«hrtltue/\^]^juZhvjjuZ/]]8oXju}lcn]Ht
(Aε)ij
mr£
Aε
Z@hO¢r]hrtuxX\^qsjlmvjlcdz8tmv£¶jlZ/]£¤mr}l\ ,
(Aε)ij ' aijε
Aij ,
£¤mP}tymP\$]\hkjl}ucn{
a = (aij) ∈ C
n×n,
®´sH°
hro w £¤mr}tumr\^]cn}l}u] w ezcn/gd]µ\^hvju}lc {
A = (Aij) ∈ R
n×n
min .
®FYZ/]zhPty] ¡ Z]}l] A cdt}l] w ez"cd/gd]cdthptyju}hvcdrZXjy£¤mP} ¡ hv} w ]{Xjl]otucdmro ¨ °  o w ]}}hkjlZ/]}P]o/]8}lhrg«z"cd}y³ze/\tjhvoz]8t^®¯tu]]as]8z±jlcnmPoS ¨ P° ¥ jlZ/]]cdr]8oE¢Ohrgne]8t L1ε , . . . ,Lnε
mr£
Aε
6]gdmro/jlm
C
hvo w ZhO¢r]'}tj
mP} w ]}hrtuxE\$q/jumvjlcdz8t,
Liε ∼ λiε
Λi .
®´rr°
 ]o/]"{Ej}u]8gdhvju]&juZ/]tu]8Xe/]8oz"]
(Λ1, . . . , Λn) ¡ cnjuZj ¡ m$tu]8Xe/]8oz"]Htªzmrotyju}lez"ju] w Exetycdo/$mro/gdxjlZ/]cdos£¤mr}l\hkjucdmromrojuZ]]"{sq@mPo/]oXjtmv£¶jlZ/]]oXjl}ucd]8t
(Aε)ij
mv£	juZ]µ\hvju}lc {
Aε
rcd¢r]oExjuZ]
Aij ¨
ÏÏ ØIâHá !J
8_   
B 
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 
 @$	9	 # 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   !&)*,+-#. / %  / 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YZ]etuehrg ¡ hOxjumpz"mP\$qesju]$juZ] Λi cnoº®FPr°¬cdt&jumetu]$juZ/]^z"gihrtltycizhrg	¸¬] ¡ jlmros³9|«e/city]8es{>juZ]mr}l]\ ¨ ]tjhkjl]Z/]8}u]^hr]o]}hvg1'}ltyjmr} w ]}µ¢r]8}ltucdmroTmr£«juZ/citµjuZ]mr}l]\ cdoÉh ¡ hOx ¡ Z/cdzZScdgngde/\^cno@hkju]HtµjuZ/]}lmrgd]µmv£<\$cdos³9q/gdethvgdr]8/}h ¨mr}hroEx¦£¤mP}u\hvgWq@mPgnxEo/mP\$cihvg ¡ c jlZJz"mE]§zcn]8oXjltcdo C ¥ P(ε, Y) = ∑nj=0 Pj(ε)Yj ∈ C[Y] ¥ ¡
]
w ]'o/]jlZ/]\^cno/³´q/gdet  
    U # 	 ,
e(P)  =
n⊕
j=0
e(Pj)Y
j ∈ Rmin[Y] .
YZ]jl}lhroty£¤mr}l\^hvjucdmroTmr£ªmP} w cnohr}uxpq6mrgdxEo/mr\^cihvgit¬jlmp\$cdos³9q/gdet®¤mP}  jl}umPq/cdz8hvg  °¬q6mrgdxXomr\^cdhrgCEx>juZ/]\hrq
e
citcdotjl}ue\$]8oXjlhvgcno ¡ mP}u©stmrohv\^mE]hPt®Ñ£¤mP}¬cdotjhvoz] ¥ h¢r]8}uxtycd\^cngihv} w ]'@o/c jlcnmPo>cdt&rcd¢r]8ocdo ( aasr2)¤° ¨]Hzhrgng­jlZhkjjlm
P = e(P)
cithPtutumsz"cihkju] w jlZ/]q@mPgnxEo/mP\^cdhrgÅ£¤e/oz±jlcnmPo
P̂
hvo w juZ]z"mroE¢P]"{£¤mP}u\hvg
q6mrgdxEo/mr\^cihvg
P ¥ hPt«cdoaE]8z"jucdmro ¨  ¨ mr}ªcno@tjhvoz] ¥ jum P = Y3 + ε5Y2 − ε6Y + ε13 zmr}l}u]Htyq6mro w t<juZ/]£¤mP}u\hrg­\$cdos³9q/gdetq@mPgnxEo/mP\^cdhrg
P = e(P) = Y3 ⊕ 5Y2 ⊕ 6Y + 13
}u]8q/}u]Hty]8oXju] w cdo	cnPe/}l]$ ¨
132 ÂEÇ  Â  O 6879 : k Ç OÈ Â  ÂXÆ  Ç"<Ä 	 :  Â 	
	  2 ÂEÇ  Â  R6! 	
P =
∑n
j=0 Pj(ε)Y
j ∈
C[Y]
!  H	  	
Pn = 1 
       !	    !  2  	 W
     5 U !	 Y1, . . . ,Yn ∈ C    	  	 Y1(ε), . . . ,Yn(ε)   	  *	  P(ε, y) = 0  	G!    	 <   	 
    	 E#
Y1, . . . ,Yn
  ( !!	E > ! #	G	    
Yj(ε) ∼ yjε
Yj   	
Y1 ≤ · · · ≤ Yn 
      U 	 p = ∑nj=0 pjYj ∈ C[Y] # P = ⊕nj=0 PjYj ∈ Rmin[Y] 	 ! Pj(ε) '
pjε
Pj

j = 0, . . . , n
    	
pn = 1

Pn =
 
p0 6= 0

P0 =
 #
pn−i 6= 0
< 
i ∈ {1, . . . , n − 1}
   	  	
ci < ci+1
     
(c1 ≤ · · · ≤ cn) = C(P ) 
    	   2!	         
e(P) ≥ P

e(P) = P
 

C(e(P)) = C(P ) = (c1 ≤
· · · ≤ cn) = (Y1 ≤ · · · ≤ Yn) 
   !2   
c ∈ R
    
 
P
   	    	  #    	 
k


ci = · · · = ci+k−1 = c
 	 
yi, . . . , yi+k−1
  #      	  #  *  $ 	B 	" 
 
p(i) =
∑
0≤j≤n
P (c)=Pjc
j
pjY
j ∈ C[Y] ,
  	G$    	   	  #3   	  
YZ/]z"gihrtltycizhrg¸¬] ¡ jumPos³9|«e/city]8es{ÉjuZ/]8mr}l]\ hvq/q/gdcd]8tjlmTjlZ/]z8hrtu] ¡ Z/]}l] C cdt}l]q/gihrz] w ExSjuZ/]'@]g w mr£®Ñ£¤mP}u\hvg ¥ mr}z"mPoE¢r]}lr]8oXj°C|We/cdtu]e/{ty]8}ucd]8tµ®¯h$|«ecdtu]es{ty]8}ucd]8tcdtmr£juZ]&£¤mP}u\ ∑∞k=K akxk/s
¡ cnjuZ ak ∈ C ¥ K ∈ Z hvo w s ∈ N \ {0} ° ¥ hvo w tyZm ¡ tµ =⇒ mro/gdx ¨ .ëo¦juZ/]^z"gihrtltycizhrgtyjlhvju]\^]8oPjmr£jlZ/]^juZ]mr}l]\ ¥ juZ/]gd]8h w cno]{sq@mPo/]oXjlt Yi ¥ hr}u] ¥ e/qÉjum>hroScdoE¢r]8}ltucnmPohro w zZhvo/P]^mv£tycdro ¥ juZ/]tugdmrq6]8tªmv£juZ/]¸] ¡ jumPoq6mrgdxErmro ¥ hro w juZ/]q6mrgdxXomr\^cdhrgdt p(i) hv}l] w ]'o] w cnoju]8}u\tmv£juZ/]] w r]Htmr£jlZ/]$q@mPgnxErmPo ¨ aEcdoz"] ¥ ¡ Z/]o P = e(P) ¥ juZ/]$r}hvqZTmv£ vexP cdt¬juZ/]tuxE\$\^]ju}lcdz ¥ ¡ cnjuZ}u]Htyq6]8z"j&jlmjlZ/]\hvcdo w cihvPmrohrg ¥ mv£¶juZ/]¸¬] ¡ jumPoq6mrgdxErmro ¥ cnj£¤mrgdgnm ¡ t£¤}lmr\ |«}lmrq6mPtucnjucdmro ¨ HjlZhkjªjuZ] Yi hvo w
yi
cno>YZ/]8mr}l]\  ¨ z"mPcnozc w ] ¡ cnjuZjlZ/]mro/]HtªjuZhvj¬hv}l] w ]'o] w z"gihrtltycizhrgngdx ¨YZ/]8mr}l]\  ¨ $cdth  q/}l]8z"citu]gihv}lr] w ]¢Ecihkjucdmro  ¢r]8}ltucnmPoTmv£juZ/]¸¬] ¡ jumPos³9|«e/city]8es{TjuZ]mr}l]\ , ¡ ]hPtutue/\^]mrognxjuZ/]&]"{scitjl]oz]mv£¶hrtuxE\^qsjumrjuciz]8Xe/cd¢Ohrgn]8oXjltC£¤mP}«jlZ/]¬z"mE]§zcn]8oXjlt«mr£
P(ε, ·) ¥ hvo ww ]8}ucd¢r]jlZ/]]"{scdtyju]8oz"]mv£¬hPtyxE\^qsjlmvjuciz]8Xe/cd¢Ohrgn]8oXjltf£¤mr}$juZ/]/}hvozZ]8tmr£
P(ε, ·) ¨ YZ]¸¬] ¡ jumPos³9|«e/city]8es{
Í¤Î	ÏÍÑÐ
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	 !"#$$#$ O
hrgnPmr}lc jlZ/\ citftumr\^]jucd\$]Htq/}l]8tu]oXjl] w £¤mr}$hrtuxE\$q/jumvjlcdz^]{sqhvotucdmrot ¥ hPtcdo (  ¬cd] 0+2) ¨ 8¬m ¡ ]8¢r]8} ¥ juZ/]]HXe/cn¢khrgn]8oz"]6]"j ¡ ]]8oÉjuZ/]j ¡ mhrtlty]8}yjlcnmPotmv£¬YZ/]8mr}l]\  ¨  w mE]8tfo/mvjtu]]8\ jumT6]zgdhPtutucdz8hvg ¨ .ëoq@hv}ujuciz"e/gihv} ¥ juZ/]$hrtuxE\$q/jumvjlcdz8tmv£«tumr\^]z"mE]"§zcn]8oPjt\hOx6]mPo/gnx©Eo/m ¡ o>hrt6]cdo/o/]8rgdcnPcngn], ¡ ]}l]8Xe/cd}l]juZhvj
pi 6= 0
mrognx£¤mr}¬juZ/mXty]
i
tuezZpjuZhvj
(i, Pi)
cit¬hro>]"{sq6mPtu] w q@mPcnoXjµmv£<juZ/]]q/cdr}hvqZmr£
P ¨
      ]H'}tjq/}lmk¢r] =⇒  ¨ ½]"j Q = (Y ⊕ Y1) · · · (Y ⊕ Yn) ¨ YZ/]8o ¥ Q = Q ¥ C(Q) =
(Y1 ≤ · · · ≤ Yn)
hro w
Qn−i = Y1 · · ·Yi
£¤mP}fhvgdg
i = 1, . . . , n ¨ aEcdoz] Y1(ε), . . . ,Yn(ε) hv}l]$juZ/]}lmEmvjt^mv£
P(ε, y) = 0
zmre/oXju] w ¡ c jlZ\e/gnjucdq/gnciz"cnjucd]8t ¥ hvo w Pn = 1 ¥ c j£¤mPgngdm ¡ t$juZ@hkj P(ε, Y) =∏n
i=1(Y − Yi(ε)) ¨
8]o@z"] ¥ (−1)iPn−i cdt&jlZ/]$tue/\mv£Whrgng<q/}lm w ez"jlt Yj1 · · · Yji ¥ ¡ Z/]}l] j1, . . . , jihr}u]&qhvcd} ¡ cdtu] w cdtyjucdoz±j]8gn]8\$]8oXjltmv£ {1, . . . , n} ¨ Ì xjuZ/]q/}lmrq6]}ujucd]8tmv£  '  ®¯tyjlhvcngdc jxXxh w/w cnjucdmrohro w \feg jlcnq/gdcizhkjlcnmPo@° ¥ hvo w tycdoz"] ⊕j1,... ,ji Yj1 · · ·Yji = Y1 · · ·Yi = Qn−i ¥ ¡ ]fmrsjhvcdopjuZhvjjuZ/]8}u]]{scdtyj
p0, . . . , pn−1 ∈ C
tuezZ$juZhvj
Pj ' pjε
Qj
£¤mr}«hrgng
j = 0, . . . , n−1 ¨ |«esjyjlcno pn = 1 ¥ ¡ ]hvgitymP]"j
Pn = 1 ' pnε
Qn
tucdoz"]
Qn =
 ¨  Z]o i = 1, . . . , n − 1 cdt¬tyezZpjlZhkj Yi < Yi+1 ¥ Y1 · · · YicitjlZ/]mrognxTgd]8h w cdo/pju]8}u\cnoÉjlZ/]tye\mr£hrgng
Yj1 · · · Yji ¥ hro
w juZ/]8o
pn−i = (−1)
iy1 · · · yi 6= 0 ¨Tmr}l]mk¢r]8} ¥ £¤mP} i = n ¥ ]8c jlZ/]} Yn 6=  ¥ ¡ Z/cdzZ>cd\^q/gdcn]HtjlZhkj p0 = (−1)ny1 · · · yn 6= 0 ¥ mP} Yn =  ¥
¡ ZcdzZcd\^q/gncd]8tWjuZ@hkj Yn = 0 ¥ P0 = 0 hvo w Q0 =  ¨ YZ/citWtuZ/m ¡ t«juZhvj (c1, . . . , cn) = (Y1, . . . , Yn)hro w
P = Q
hr}u]hrtªcdop|	mPcnoXj& ¨YZ/]}l]\hrcno/cdo/pqhr}yjmv£juZ/]^jlZ/]mP}u]8\ citmrsjhvcdo/] w Ex¦hptycd\^q/gd]h w hrqsjlhvjucdmroSmv£WjlZ/]q/}lmEmv£mr£
jlZ/]pz"gihrtltycizhrgW¸] ¡ jumro/³´|«ecdtu]es{ jlZ/]mP}u]8\ ¨  Z/]8o juZ] Pj hv}l]mrognx hrtltue/\^] w jlm¦6]zmroXjucdoEe/mret£¤eoz±jlcnmPot&tlhkjlcdty£¤xEcno|<mrcdoPjmv£<jlZ/]jlZ/]mP}u]8\ ¥ cnj¬£¤mrgdgdm ¡ t£¤}lmr\ ®H ¥ *0 ¥ vX° ¥ jlZhkj e(P) ≥ P ¥ hvo wtucdoz"]
P ≥ P = (Y ⊕ c1) · · · (Y ⊕ cn) ¥ ¡ ]r]jjuZhvj e(P) ≥ (Y ⊕ c1) · · · (Y ⊕ cn) ¨ .ëo¦h w/w cnjucdmro ¥£¤}lmr\ ®y +P°hvo w |	mPcnoXj^mv£«jlZ/]jlZ/]mP}u]8\ ¥ ¡ ]P]"j¬jlZhkj e(P)n−i = Pn−i = P nc1 · · · · · · ci £¤mP}&hrgng
i ∈ {0, n} ∪ {i ∈ {1, . . . , n − 1} | ci < ci+1} ¥ Z/]8oz"]½]\^\h ¨ rµxEcn]8g w t e(P) = P ¥ juZ/]8}u]£¤mr}l] ¥
C(e(P)) = C(P ) = (c1 ≤ · · · ≤ cn) ¨ >mP}u]8mk¢r]} ¥ jlZ/] '}tjtyju]8qmr£&jlZ/]>|«e/citu]es{ºhvgdrmr}lcnjuZ/\tuZ/m ¡ tµjlZhkj ¥ £¤mr}hrgngz"mr}lo/]8}lt c 6= mv£ P ¡ cnjuZ \feg jlcnq/gdciz"cnjx k ¥ juZ/]8}u]hr}u]^]"{/hPz±jugdx k z"mPoPjlcnoEe/mPet}lhrozZ/]8t ¡ c jlZTgd]8h w cno/]"{sq6mro/]8oPj c ¨ .ëo w ]] w ¥ ¡ Z/]o c = ci = · · · = ci+k−1 6=  ¥ juZ/]^zZhro/r]mr£¢khr}ucihv/gd]
y = zεc ¥ hvo w juZ/] w cd¢XcitucnmPomv£ P Ex ε

P (c) ¥ ju}hvoty£¤mr}l\tCjlZ/]&]HXehkjlcnmPo P(ε, y) = 0 cnoXjum$hvo]HXehkjlcnmPo
Q(ε, z) = 0 ¥ ¡ Z/]8}u] Q(·, z) ]{Xjl]o w t¬z"mPoXjucdoXemretugnxjum 0 ¡ c jlZ Q(0, z) = p(i)(z) ¨ aEcdoz"]
P̂ (c) = Pjc
j cd\^q/gncd]8t«juZhvj n− i−k +1 ≤ j ≤ n− i+1 ¥ hvo w tucno@z"]]cnjuZ]} i−1 = 0 mr} ci−1 < ci ¥
¡ ]r]jjuZ@hkj pn−i+1 6= 0 ¥ Z/]8oz"] deg p(i) = n − i + 1 ¨ aEcd\^cngihv}lgdx ¥ ¡ ]ZhO¢P]]cnjuZ/]8} i + k − 1 = nmP}
ci+k−1 < ci+k ¨ .ëojuZ]ty]Hz"mro w z8hrtu] ¥ ¡ ]P]"j pn−i−k+1 6= 0 ¥ jlZXe@t val p(i) = n − i − k + 1 ¨ .ëojlZ/]@'}ltyjzhrtu] ¥ i + k − 1 = n ¥ c = cn ¥ hro w p0 6= 0 mr} P0 =  ¨ ascnoz] P0 = cd\^q/gncd]8t c = cn =  ¥
¡ ZcdzZzmroXju}h w ciz±jt«mPe/}Whrtltue/\^qsjucdmro ¥ ¡ ]\fetyjZ@hO¢r] p0 6= 0 ¥ Z/]o@z"]&hrPhrcno val p(i) = n− i− k+1 ¨8¬]oz] ¥ deg p(i) − val p(i) = k hro w juZ/]z"mPoz"gdetucnmPo cdtmrsjhvcdo/] w ExSjuZ]tyjlhvo w hv} w ½]\^\h¦ ¨ 6]gdm ¡¨ 	cdohvgdgnx ¥ cn£ c = cdthzmr}lo/]} ¡ cnjuZ>\e/g jlcnqgnciz"cnjx k ¥ juZ/]8o val P = k ¥ cn−k < cn−k+1 =  ¥hro w
pk 6= 0 ¨ YZ/citcd\$qgncd]8tjlZhkj$®Ñ£¤mr}&hvgdg ε > 0 cdoTh^o/]cdrZE6mr}lZ/mEm w mr£ 0 ° P(ε, ·) cdt&h^q@mPgnxEo/mP\^cdhrg
¡ cnjuZp¢khvgdehvjucdmro k ¥ Z/]o@z"]cnjZhrt 0 hrth$}lmXmrj ¡ c jlZ\e/gnjucdq/gnciz"cnjx k ¨
Â    O 6 4,6! 	
Q(ε, Y) =
∑n
i=0 Qj(ε)Y
j
      	
Qj
   	  '!   	  
ε ∈
[0, ε0)
#@ 	
m = degQ(0, ·)       9 $  !  B  9	> 	 $ 	" Q(0, ·)  	  
m
 9	9     
Z1, . . . ,Zm
 ( #! =  	G
[0, ε1)
    	
0 < ε1 ≤ ε0

   	  	
Z1(ε), . . . ,Zm(ε)
$  U   	3 	    *	
Q(ε, ·)

B
  	G$    	     	  #    	     !  	    *	 
Q(ε, ·)
	  	 $ 	>
B
	G # 	G  (  	      
ε
*	G
0 
      ]pmro/gdx tu©r]"jzZ jlZ/]pq/}umEmr£ ¥ ¡ Z/cizZJcitz"gihrtltycizhrg ¨ Ì xÉjlZ/]  hvezZEx cdo w ]{ juZ/]8mr}l]\ ¥ cn£ γcithroXxz"cd}lzgn]>cdo
C
zmroXjlhrcnocno/Éo/m }lmEmvjt^mv£
Q(ε, ·) ¥ jlZ/]>oEe/\f6]}mv£}umEmvjtmv£ Q(ε, ·) cnotuc w ] γcit
(2πi)−1
∫
γ
∂zQ(ε, z)(Q(ε, z))
−1 w z ¨ Ì xSz"mroXjlcnoEe/cnjxTmv£ ε 7→ Q(ε, ·) ¥ juZ]oXe\f6]}mv£ª}umEmrjltmv£
ÏÏ ØIâHá !J
*0   
B 
	  
 @$	9	 # !	
Q(ε′, ·)
cdotuc w ]
γ
®¯zmre/oXjl] w ¡ cnjuZ\fe/gnjucdq/gdcdzc jlcn]Htl°&citz"mPotjhvoXj¬£¤mP} ε′ cdotumr\^]$o/]cdrZE6mr}lZ/mEm w mv£ ε ¨Y	hv©Ecdo/
B
hrtcdoTjlZ/]fgd]\^\h ¥ γ = ∂B ¥ hvo w ε = 0 ¥ ¡ ]r]j&]"{/hPz±jugdx m }lmXmrjlt¬mv£ Q(ε′, ·) cno B £¤mr}
ε′
cdotumr\^]cdoXju]8}u¢khvg
[0, ε1) ¨  mro@tyc w ]}µo/m ¡ hhvgdg BR ⊃ B mv£}lh w cne@t R ¨ /mP} ε′ tu\hvgdg<]o/mPe/rZ ¥jlZ/]^oEe/\f6]}mv£}umEmvjtµmv£
Q(ε′, ·)
cdoS]cnjuZ/]8}
BR
mP}
B
cit]8Xehvgjum
m ¥ Z/]oz]hvoExp}umEmvjmv£ Q(ε′, ·)mPesjltuc w ]
B
\fe@tjW6]mPesjltuc w ]
BR ¨ YZ/citWtuZ/m ¡ t	juZ@hkjWjlZ/]}lmEmvjlt<mr£ Q(ε′, ·) jlZhkj w mo/mvj@]8gnmPo/jum BPm^jumcdo 'oc jx ¥ ¡ Z/]8o ε′ → 0 ¨ 	cnohrgngdx ¥ Exjhv©Ecnoty\hvgdghrgngit¬hr}umPe/o w ]8hPzZp}umEmvjmr£ Q(ε, ·) ¥ ¡ cnjuZ
0 ≤ ε < ε1 ¥ ¡ ]fty]8]juZhvjjuZ]\hvq ¡ Z/cizZTty]8o w t ε jumjuZ/]eo/mr} w ]}l] w m ³Fjle/q/gd]mv£C}lmXmrjltmr£ Q(ε, ·)jlZhkj6]gdmro/jum
B ¥ cdtzmroXjucdoEe/mretµmPo [0, ε1) ¨ Ì x¦htu]gd]8z±jlcnmPoTjlZ/]mP}u]8\£¤mr}e/o/mP} w ]}l] w m ³Fjle/q/gd]8tw ]q6]o w cdo/$z"mroXjlcnoEe/mPetygdxfmPoh}l]8hrgqhr}lhr\$]ju]8}&®¯tu]]£¤mr}ªcnotyjlhroz"] ( Ê hvjlP ¥  Z ¨ . . ¥ aE]Hz±jlcnmPo ¥ 2)¤° ¥
¡ ] w ]}lcd¢r]µjuZ/]]{scdtyju]8oz"]mv£juZ/] m z"mroXjlcnoEe/mPetª/}lhrozZ/]Ht Z1, . . . ,Zm ¨
YZ/]8mr}l]\  ¨ tlhOxstWjlZhkj  juZ]µgd]8h w cdo/^]"{sq@mPo/]oXjtmv£	juZ/]}lmEmvjlthr}u]µjuZ]\$cdos³9q/gdet}umEmrjlt  ¨  U7
      mPotyc w ]8} P(ε, Y) = Y3 + ε5Y2 − ε6Y+ ε13 ¨ YZ]\^cnos³9q/gdet«q6mrgdxEo/mr\^cihvg P = e(P)citjlZ/]mro]mv£«	cnPe/}u]^ ¥ Z/]8oz"]cnjlt&z"mr}lo/]8}lthr}u] c1 = c2 = 3 hvo w c3 = 7 ¨  ]ZhO¢P] p(1) = p(2) =
Y
3 − Y
hvo w
p(3) = −Y + 1 ¨ 8]8oz"] ¥ P Z@hrt 3 z"mPoPjlcnoEe/mPet}lhrozZ/]8t&hv}lmre/o w 0 ¡ cnjuZ '@}ltyj&mP} w ]8}hPtyxE\^qsjlmvjucizt ,
Y1 ∼ ε
3 ¥ Y2 ∼ −ε3 hvo w Y3 ∼ ε7 ¨ YZ/]mP}u]8\ ¨ tjhkjl]8tcdo qhv}ujuciz"egdhr}juZhvj ¡ ]o]] w o/mvj©Eo/m ¡ juZ]^hPtyxE\^qsjlmvjuciz]"{sqhvo@tycdmrot¬mv£hvgdg¶jlZ/]z"mE]"§z"cd]oXjt&mr£ P(ε, Y) ,¬£¤mr}cno@tjhvoz] ¥ c £
P(ε, Y) = Y3 + o(ε3)Y2 − ε6Y + ε13 ¥ juZ/]q6mrgdxXomr\^cdhrgdt P hvo w p(1), p(2), p(3) hr}u]&e/ozZhro/r] w ¥ tumjlZhkj ¡ ]tjlcngdgZhO¢P] 3 zmroXjucdoEe/mret}lhrozZ/]8t ¡ cnjuZjuZ]tuhr\$]hPtyxE\^qsjumrjuciztZhPthv6mk¢r] ¨	@      .9£ A ∈ Cn×n tuhvjucit '@]8t¦®´sO° ¥ jlZ/]SzZ@hv}hrz±jl]}lcdtyjucizpq6mrgdxXomr\^cdhrg¬mr£ Aε ¥ P(ε, Y) =
det(YI − Aε)
cit&hroT]gd]\^]oXjmv£
C[Y] ¥ tucno@z"] C citµh}ucdo/ ¨  q/qgnxEcnoYZ/]8mr}l]\  ¨ jum P ¥ ¡ ]fz8hvomPsjlhrcno ¥ eo w ]}$tymP\^]h w/w c jlcnmPohvgªhrtltye/\^qsjlcnmPot ¥ '@}ltyjfmr} w ]8}hrtuxE\^qsjumrjucizt£¤mP}fjlZ/]]8cnP]oE¢khvgde/]8tmr£
Aε ¨ YZ/] w cn§z"e/gnjx cdtjlZhkj^juZ]zmX]§z"cd]oXjlt Pj mv£ P o/]] w o/mrj$ZhO¢P] '}tyj$mP} w ]8}$hPtyxE\^qsjlmvjucizt®¯]¢P]o cn£
aij 6= 0
£¤mr}$hvgdg
i, j
° w e]jumzhvo@z"]gdgihkjucdmro@t ¨ 4 £z"mPe/}ltu]cn£juZ/]z"mE]"§z"cd]oXjtmv£ Aε ZhO¢P]|We/cdtu]e/{tu]}lcd]8t«]{sqhvotucdmrotCcdo
ε ¥ juZ/] Pj hrgdtumZhO¢P]|«e/city]8es{ty]8}ucd]8tW]"{sqhrotycdmro@tCcno ε hro w h£¤mP}yjlcnmP}uc'@}ltyjªmP} w ]}hPtyxE\^qsjlmvjucizt ¨ 8m ¡ ]¢P]} ¥ cn£ ¡ ]&mPo/gnxhPtutue/\^]jlZhkj A ∈ Cn×n tlhkjlcdt ']8tµ®F/H° ¥ ¡ ]&mrsjhvcdojlZhkjjlZ/]
Pj
tlhkjlcdty£¤xjlZ/]z"mPo w cnjucdmrot
Pn = 1
hvo w
Pj(ε) ' pjε
Pj
£¤mP}tymP\$]]{sq@mPo/]oXjlt
Pj ∈ Rminzmr\^q/esjl] w etucno/juZ]$]{sq@mPo/]oXjlt
Aij
®¯tu]]aE]Hz±jucdmroÉ ¨ P° ¨ 8]8oz"] ¥ cn£jlZ/]^]cdr]oE¢khvgde/]Ht¬mr£ Aε ZhO¢P]'@}ltyjmP} w ]8}ªhPtyxE\^qsjlmvjucizt ¥ YZ/]mP}u]8\  ¨ ¬rcd¢r]Ht«jlZ/]µ]"{sq@mPo/]oXjtWmr£juZ/]Hty]hrtuxE\^qsjumrjucizthrtªh£¤e/o@z±jucdmromr£¶jlZ/]
Pj ¨
    % + #. % !& +  *
	*%' !&   +-# B+-#.,#. + /  	+ 	+ /  %'
YZ]q6]}l\hvo/]8oPj<mv£6h¬\hkjl}ucn{ ¡ c jlZ$zmE]"§z"cd]oXjlt	cdohrohv}l/cnju}hv}lxµtu]\^cd}ucdo/ (S,⊕,⊗) z8hvof6] w ]'@o/] whPtetuehvg ,
perm(A) =
⊕
σ∈Sn
n⊗
i=1
Aiσ(i) ,
¡ Z]}l] Sn citªjuZ]tu]"jmr£q6]}l\fesjhkjucdmro@tmr£ {1, . . . , n} ¨ .ëoqhv}ujuciz"egdhr} ¥ £¤mr}hroEx\^hvju}lc { A ∈ Rn×nmin ¥
perm(A) = min
σ∈Sn
n∑
i=1
Aiσ(i) ,
hro w juZ/]     $  	 	   
  mr£
A
citªjuZ/]q6mrgdxEo/mr\^cihvg
perm(YI ⊕ A) =
⊕
σ∈Sn
n⊗
i=1
(Yδiσ(i) ⊕ Aiσ(i)) ∈ Rmin[Y] ,
Í¤Î	ÏÍÑÐ
 
		 !"#$$#$ 6
¡ Z]}l] I cit¬juZ/]$c w ]oXjucnjxp\^hvju}lc { ¥ hvo w δij =  c £ i = j hvo w δij = pmvjlZ/]} ¡ cdtu] ¨ YZ/]hPtutumsz"cihkju] w\^cdos³9q/gne@tq@mPgnxEo/mP\$cihvgÅ£¤eoz±jlcnmPo ¡ cdgdg@]z8hvgdgn] w jlZ/]  $  	 	   
  !   	 mv£ A ¨ ]o/]"{Ej¬hPtutue/\^]µjuZhvj
A ∈ Cn×n
tlhkjucit ']8t®F/H°ªhvo w jlZhkjjlZ/]]cdr]8oX¢khrgne/]Ht
Liε
®
i = 1, . . . , n
°
mr£
Aε
ZhO¢P] '}tj$mr} w ]}fhPtyxE\^qsjlmvjucizt ¥ Liε ∼ λiεΛi ¨
 ]}l]gihkjl] ¥ cdo juZhvjzhPty] ¥ juZ/] Λi ¡ c jlZ juZ/]zmr}lo/]}tªmv£juZ/]zZhr}lhPz±jl]}lcdtyjuciz¬q6mrgdxEo/mr\^cihvgÅmv£
A ¨ ]¬o/]8] w '@}ltyjWjlmf}l]8zhrgng/juZ/]µz"gihrtltycizhrg w ]'o/cnjucdmromr£ ¡ ]Hhv©f\hv~mr}lcn²Hhkjucdmro>®Fty]8] (  4 6k2)6£¤mr}\^mr}l]@hrz©Er}lmre/o w ° ¨
Â < :  :¯Ç"< O,6%$ 6 ½¶]"j
u, v ∈ Rnmin ¨
½¶]"j
u(1) ≤ · · · ≤ u(n)
®¯}u]Htyq ¨ v(1) ≤ · · · ≤ v(n) ° w ]8o/mvjl]juZ/]zmr\^q6mro/]8oPjtWmr£
u
®¤}l]8tuq ¨ v °Wcnocdoz"}l]8hPtycdo/mr} w ]8} ¨  ]tlhOxjlZhkj u cdt  !    !*    *! Ex
v ¥ hro w ¡ ] ¡ }ucnju] u ≺w v ¥ cn£jlZ/]£¤mrgdgdm ¡ cno/zmro w cnjucdmro@tZ/mrg w ,
u(1) · · ·u(k) ≥ v(1) · · · v(k) ∀k = 1, . . . , n .
.ëo £¯hPz±j ¥ juZ/] ¡ ]Hhv©\hk~mr}lcd²8hkjlcnmPoº}u]8gdhvjucdmroºcdtmrognx w ]'@o/] w cdo (  4 6k)&£¤mP}¢r]Hz±jlmr}tmv£ Rn ¨8¬]}l] ¥ cnjµcit&zmroE¢r]8o/cd]oXj¬jlm w ]'o/]juZ/citµo/mvjlcnmPoT£¤mr}µ¢r]Hz±jlmr}tmv£ Rnmin ¨
 ]$hrgdtumetu] w juZ/]$\^cno/³´q/gdet
omvjlhvjucdmrot£¤mr}¬Zmr\^mrP]o/]8c jx ¡ c jlZ>juZ/]}u]Htj&mv£CjuZ]qhvq6]} ¨ YZ/]f£¤mrgdgnm ¡ cdo/gd]\^\htyjlhkjl]8t&hetu]"£¤e/g\^mPo/mvjlmro/ciz"cnjxpq/}umPq@]8}yjxmv£WjuZ/]$\hvq ¡ ZcdzZ¦hPtutumsz"cihkjl]8tjlmh£¤mr}l\hvg	\$cdos³9q/gdetµq@mPgnxEo/mP\$cihvg P cnjlttu]8Xe/]8oz"]mr£	z"mP}uo]}t ¥ C(P ) ¨
Â    O 6   6! 	
P, Q ∈ Rmin[X ]
$ 	        #  >S> !
n    
P ≥ Q
hvo w
Pn = Qn =⇒ C(P ) ≺
w
C(Q) .
®FrP°
     }umP\ P ≥ Q ¥ ¡ ] w ] w ez"] P ≥ Q ¨ ½]"j C(P ) = (c1(P ) ≤ · · · ≤ cn(P )) hvo w C(Q) =
(c1(Q) ≤ · · · ≤ cn(Q))
w ]o/mrju]CjlZ/]Wtu]8Xe/]8oz"]«mr£/z"mr}lo/]8}ltÅmr£
P
hro w
Q ¥ }u]Htyq6]8z"jucd¢r]gdx ¨  ¬tucno/ P ≥ Q ¥
P n = Pn = Qn = Qn
hro w ® 6r° ¥ ¡ ]r]j c1(P ) · · · ck(P ) = P n−k(P n)−1 ≥ Qn−k(Qn)−1 =
c1(Q) · · · ck(Q) ¥ £¤mP}hvgdg k = 1, . . . , n ¥ juZhvjcdt C(P ) ≺w C(Q) ¨
 ]ftuZhvgdghvgitym^o/]8] w juZ]£¤mrgdgnm ¡ cdo/^o/mvjlcnmPomr£	P]o/]8}uciz"cnjx ¨  ] ¡ cdgng¶tlhOxjlZhkj¬h$q/}lmrq6]}ujx (y)w ]q6]o w cdo/mro>jlZ/]$¢Ohr}ucihvgn]
y = (y1, . . . , yn) ∈ C
n Z/mPg w t£¤mP} 7 
  2  mr£ y c £WjuZ/]^ty]jµmr£]8gn]8\^]oXjlt
y ∈ Cn
tuezZSjuZhvjjuZ/]q/}umPq@]8}yjx
(y)
cdt£¯hvgity]citfhpq/}lmrq6]}hrgnP]/}hvciz$¢khv}lcn]jx ¨ YZ/cit\^]HhvotªjlZhkjjuZ]}l]µ]{scdtyjlt
Q ∈ C[Y1, . . . , Yn] \ {0}
tyezZjuZ@hkj
(y)
citª£¯hvgity]cn£
Q(y) = 0 ¨  Z/]ojlZ/]qhv}hv\^]ju]}
y ¡ cdgngÅ6]µmPE¢Xcdmre@t ¥ ¡ ]tuZhvgdg­tycd\^q/gnxtuhOx$juZ@hkj cit  # ªmr}Z/mPg w t 7 
     ¨.9jcitz"gd]8hr}juZhvjc £
1
hvo w 
2
hv}l]@mrjuZr]o]}lcdz ¥ juZ/]8o   1 hro w  2  cithvgitym^P]o/]8}uciz ¨aEcdoz]hroExq@mPgnxEo/mP\$cihvg
q =
∑
i1,... ,in∈N
qi1,... ,inY
i1
1 · · ·Y
in
n ∈ C[Y1, . . . , Yn]
cno
n
cdo w ]"jl]}l\^c ³
o@hkju]HtCzhro6]ty]8]o^hrtChro]8gn]8\$]8oXj<mr£
C[Y1, . . . , Yn] ¡ Z/mXty]z"mE]§zcn]8oXjltChv}l]z"mPotjhvoXj ¡ c jlZ$}l]8tuq6]8z±jjlm
ε ¥ ¡ ]ZhO¢P]>,
e(q) =
⊕
i1,... ,in∈N
qi1,... ,in 6=0
Y
i1
1 · · ·Y
in
n ∈ Rmin[Y1, . . . , Yn] .
®´k_X°
 ]hvgitum w ]'o/] ¥ £¤mr}hrgng Y ∈ Rnmin
,
q 
	 	Y (Y) :=
∑
i1,... ,in∈N
e(q)(Y1,... ,Yn)=Y
i1
1
···Y inn
qi1,... ,inY
i1
1 · · ·Y
in
n ∈ C[Y1, . . . , Yn] .
®´rr°
YZ/]ª£¤mPgngdm ¡ cno&}l]8tue/gnj<citCz"gd]8hr}	£¤}umP\ juZ/]hr@mk¢P] w ]'o/cnjucdmrot<mr£ e(q) hvo w q 	 	Y ¥
tucno@z"] ¡ Z/]o y 6= 0 ¥
Y ' yεY ⇐⇒ Y ∼ yεY ¨
ÏÏ ØIâHá !J
*+   
B 
	  
 @$	9	 # !	
Â    O 6  ,6! 	
q ∈ C[Y1, . . . , Yn]
# 	
Q = e(q)
#
q 	 	Y
! ( #! ®Fv_X° # ®´rr° 
$   	  2    	 Y ∈ Cn  y ∈ Cn 
 Y ∈ Rnmin !    	  	 Yi ' yiεYi  i = 1, . . . , n 
  
q(Y1, . . . ,Yn) ' q 	 	Y (y)εQ(Y ) ,
®F>0P°
#  ( U !
Y
     :!     
∼
 ®´0X° 7 #  3 
y ∈ Cn 
132 ÂEÇ  Â  O 6 6! 	
A ∈ Cn×n
	 ! ®F/H°    !  5		 	   V7   L1ε , . . . ,Lnε 
Aε
   	G$    	     	  #    	    ( !	  ! #	G	    
Liε ∼ λiε
Λi
 #  
	G 
Λ = (Λ1 ≤ · · · ≤ Λn)
	   !    H	     U # 	    	G!    	   	  #3   	     	
Γ = (γ1 ≤ · · · ≤ γn)
! 	  !      
!B	  #        	 	  3# E
A    
Λ ≺w Γ ,
®F76v°
# 7 
    
a = (aij) ∈ C
n×n

Λ = Γ 
     ascnoz] A = Aε ∈ Cn×n ¥ juZ]$zZhr}lhPz±jl]}lcdtyjucizq@mPgnxEo/mP\^cdhrg¶mv£ A ¥ Q(ε, Y) := det(YI −Aε)6]gdmroPtjlm
C[Y] ¨ ½]j Q = e(Q) ∈ Rmin[Y] hvo w gd]"j P = perm(YI ⊕ A) ∈ Rmin[Y] @]juZ/]\^cdos³9q/gne@tWzZhr}lhPz±ju]8}ucityjucizq6mrgdxEo/mr\^cihvg@mv£
A ¨ Ì x®yH ¥ *0P° ¥ e(Q) ≥ perm(YI ⊕ e(−A)) hvo w Ex>®F/H°hro w ®FrP° ¥ e(−A) ≥ A ¨ .9j£¤mPgngdm ¡ t^jlZhkj Q = e(Q) ≥ perm(YI ⊕ A) = P ¨ 8]8oz"] ¥ £¤}lmr\½¶]\^\h ¨ 0 ¥ ¡ ]fP]"jµjuZhvj C(Q) ≺w C(P ) = Γ ¨ Tmr}l]mk¢r]8} ¥ ExpYZ]mr}l]\  ¨ $hvq/q/gdcd] w jlm Q ¥ ¡ ]P]"jjuZ@hkj
C(Q) = Λ ¥ ¡ Z/cizZH'o/cityZ/]HtªjuZ/]q}umEmv£	mv£®F76v° ¨½¶]"jettuZ/m ¡ juZ]&P]o/]8}uciz"cnjxmr£­juZ/]µ]8Xehrgncnjx Λ = Γ ¨ mr}hvgdg a ∈ Cn×n ¥ ¡ ]&z"mPotuc w ]8}«jlZ/] k ³FjlZjl}lhPz"]mv£
a
,
trk(a) =
∑
J⊂{1,... ,n},#J=k

 ∑
σ∈SJ
sgn(σ)
∏
j∈J
ajσ(j)

 .
mr}hrgng
A ∈ Rn×nmin ¥ ¡
]hrgdtum$tu]"j
trk(A) =
⊕
J⊂{1,... ,n}, #J=k

 ⊕
σ∈SJ
⊗
j∈J
Ajσ(j)

 . ®´+P°
YZ]o ¥ juZ/]>z"mE]§zcn]8oXjlt^mv£ Q hv}l]Pcn¢P]oJEx Qk(ε) = (−1)k trn−k(Aε) ¥ £¤mr} k = 0, . . . , n − 1hro w
Qn = 1 ¨ YZ/]z"mE]§zcn]8oXjltµmv£ P hv}l]$rcd¢r]oSEx Pk = trn−k(A) ¥ £¤mP} k = 0, . . . , n − 1 hro w
Pn =
 ¨ Ì x½]8\$\h  ¨ 6 ¥ ¡ ]TmPsjlhrcnojuZ@hkj£¤mP}hvoEx '{E] w ®¤cd}u}l] w ez"cd/gd]H°^\hkjl}ucn{ A ∈ Rn×nmin ¥hro w hvoEx
A ∈ Cn×n
tuhvjucit£¤xEcdo/ ®F/H° ¡ cnjuZ a ∈ Cn×n hvo w A ¥ trk(Aε) ∼ (trk) 	 	A (a)εtrk(A)
£¤mr}
P]o/]8}uciz¢khvgde/]HtWmr£
a ∈ Cn×n ¨ .ëoqhv}ujuciz"e/gihv} ¥ P]o/]8}ucizhrgngdx ¥ Qk(ε) ZhPtE'@}ltyjmP} w ]8}ªhPtyxE\^qsjlmvjucizthvo w
e(Qk) = Pk ¥ £¤mP}hvgdg k = 0, . . . , n ¨ YZ/citcn\^q/gdcd]8tµjuZ@hkj Q = P ¥ juZEet Λ = C(Q) = C(P ) = Γ ¥P]o/]8}ucizhrgngdx ¨
	@      ascnoz]¬h}l]8tue/gnjWmv£ Ì e/}l©Ohr} w hro wÌ esju©Pmk¢Xc! ( ÌªÌ P2)6tuZ/m ¡ t<jlZhkj ¡ ]z8hvoz"mP\^q/esju]¬juZ/]\^cdos³9q/gne@t«zZhv}hrz"ju]8}ucitjlcdzq6mrgdxXomr\^cdhrgE£¤e/oz"jucdmromv£­hµ\hkju}lcn{cdo$q6mrgdxEo/mr\^cihvgEjlcn\^]f®¯Xx$tymPgn¢Ecdo/
O(n)hPtutucdro/\^]oXjq/}lmrgn]8\^t° ¥ YZ/]mP}u]8\ ¨ +tuZ/m ¡ tjuZ@hkjjlZ/]tu]8Xe/]8oz"] Λ mv£<r]o]}lcdz]{Eq6mro]oXjlt¬mv£<juZ/]]8cnP]oE¢khvgde/]8tz8hvo@]zmr\^q/esjl] w cnopq6mrgdxEo/mr\^cihvgÅjucd\^] ¨  ] w ]¢P]gdmrqjuZ/citª£¤e/}ujuZ/]8}cdo (  Ì Fr_) ¨
Í¤Î	ÏÍÑÐ
 
		 !"#$$#$ H
   	±"
ª%' #µ%'"(   "-sp'"(  %¶<"
ª
 .)*# B+ /  /  E!& %  - ,#&%'      #.  !/ ,%'
 ]po/m ¡ zmrotyju}lez±jhvomvjuZ]}ty]HXe/]oz] β = (β1 ≤ · · · ≤ βn) etucdo/É]cdr]oE¢khvgde/]Htfmr£&\^cno/³´q/gdet\hvju}lcdz]8t ¨ 	cd}ltyj ¥ ¡ ]&e/cng w Xxcno w ez±jlcnmPoh 'o/cnju]tu]8Xe/]o@z"]µmv£\^cdos³9q/gne@tªtlXehv}l]µ\^hvju}lcdz]8t A` hvo wtlzhrgdhr}lt
α` ∈ R ¥ £¤mP} 1 ≤ ` ≤ k ¥ jlmrr]juZ/]8} ¡ c jlZph^q@hv}ujucnjucdmro C1 ∪ · · · ∪ Ck = {1, . . . , n} ¨ ]tjhv}uj ¡ c jlZ A1 = A ¨ YZ/]o ¥ £¤mr}¬hrgng ` ≥ 1 ¥ ¡ ] w ]'o/]
α` = ρmin(A`)
®´vP°
hro w ¡ ]^jlhv©P]£¤mr} C` juZ/]ty]jfmv£z"}lcnjucizhvgo/m w ]8tmv£ A` ¨  ]e/cng w ¥ hPtgnmPo/Thrt C1 ∪ · · · ∪ C` 6=
{1, . . . , n} ¥ juZ/]\^cdos³´qgnet&aszZEe/}z"mP\$qgn]8\$]8oXj ,
A`+1 = Schur(C`, α`, A`) .
 &e/]$jumpjlZ/]^cn}l}l] w ezcncngdc jx¦mv£
A ¥ ½]8\^\^h> ¨ 8_tuZ/m ¡ t&juZhvj A` citcn}l}u] w ezcn/gd] ¥ tymjuZhvj C` 6= ∅ ¨8¬]oz] ¥ juZ/]hrgnPmr}lc jlZ/\ tjlmrqtfhkjtymP\^]$cdo w ]{ k ≤ n ¨ Ì xT|«}lmrq6mPtuc jlcnmPoÉ ¨ O ¥ ¡ ]^r]"jjlZhkj α1 <
· · · < αk ¨  ]>zhrgng α1, . . . , αk juZ]   	    2  mv£ A ¨  ] w ]'o/]juZ]    	  #    	  mv£&juZ/]z}ucnjucizhrgW¢khvgde/]
α`
hrt
#C` ¨ ]8q@]Hhkjucdo/T]HhrzZ z}ucnjucizhrg¢khvgde/] ¡ cnjuZc jtf\e/gnjucdq/gnciz"cnjx ¥ ¡ ]mPsjlhrcno htu]8Xe/]8oz"]
β = (β1 ≤ · · · ≤ βn) ¡ Z/cizZ ¡ cdgdg«@]z8hvgdgn] w jlZ/] !       	   E    	G$   	     	  #    	  ¨½¶]"jetPcn¢P]&om ¡ h$r}hvq/ZcdoPjl]}lq/}l]"jlhvjucdmromv£	juZ/]]{Eq6mro]oXjlt α` ¨  ]ty]j C0 = ∅ hvo w ¥ £¤mr}hvgdg
` = 1, . . . , k ¥
C` = C1 ∪ . . . ∪ C`, N
` = {1, . . . , n} \ C`−1 .
mr}hrgng­qhvjuZt
p
mr£
G(A)
hvo w hrgng
` = 1, . . . , k ¥ ¡ ]ety]µjlZ/]o/mvjhkjlcnmPotmv£CaE]8z"jucdmroT ¨ ^hvo w ,
|p|`A :=|p|A − α1|p|C1 − · · · − α`−1|p|C`−1 ,
|p|` :=|p| − |p|C1 − · · · − |p|C`−1 = |p|N` .
  Ç=WÇ  :  :¯Ç"<  6@76     $! α`  ( #!  ®FrP° 	 ! W
α` = min
|c|`A
|c|`
,
®FrP°
  $H	        	G   H        	
c

G(A)
        
	   >! 
C`−1    ! 
c
     	          	 
A`
   # 9 <   	    U 	        	
c′

G(A)
  
	  	
c′ ∩ N ` = c
#
c′
    * ®¯rX° 
      &tycdo/º}l]q6]"jucnjucd¢r]8gnx ½]\^\h  ¨ _ ¥ ¡ ]SP]"jpjuZ@hkjp£¤mr}Thrgngzcn}z"e/cnjlt c mv£ G(A`) ¥ |c|A` =
min |c′|`A ¥ ¡
Z/]8}u]$jlZ/]\^cno/cd\fe\citµjlhr©r]oÉmk¢P]}hvgdg«z"cd}lze/cnjlt
c′
mv£
G(A)
tuezZjuZhvj
c′ ∩ N ` = c ¨Ì xÉjlZ/]>tuhr\$]phv}lre\$]8oXjlt$hrtcnojuZ/]pq/}lmEmv£¬mr£¬|«}lmrq6mPtuc jlcnmPo ¨ O ¥ ¡ ] w ] w ez]jlZ/]phrtlty]8}yjlcnmPotfmr£|W}umPq@mXtycnjucdmro_ ¨  ¨
¸¬mvju]^jlZhkj ¥ hPt¬£¤mP}|«}lmrq6mPtuc jlcnmPoÉ ¨ O ¥ cn£ c citcnozgne w ] w cdo C`−1 ¥ juZ@hkjcitc £ªjuZ/] w ]o/mP\$cdohvjumr}cdo ®¯PP°cdt²8]}lm ¥ jlZ/]oEe/\^]}hkjumP}cdto/]Hz"]Htutlhv}lcngdxo/mPo/o/]Xhkjlcn¢P]$®¯Xx w ]'@o/c jlcnmPopmv£ α`−1 ° ¨ ]tuhOxpjlZhkjhpz"cd}lze/c j
c
mv£
G(A)
cdth   	          	   >
`
c £
|c|`A = α`|c|
` ¨  ]zhrgng  	   > $  >
`
juZ/]µr}hvqZ
Gc`(A) ¡
Z/mXty]&o/m w ]8thro w hr}lz8tW6]gdmrojumz}ucnjucizhrg6zcn}z"e/cnjltªmr£
mP} w ]}
` ¨ 4 £<zmre/}ty] ¥ Gc(A) = Gc1(A) ¨
ÏÏ ØIâHá !J
r   
B 
	  
 @$	9	 # !	
  Ç=WÇ  :  :¯Ç"<  6P4 6   
Gc`(A) ⊂ G
c
`+1(A) ` = 1, . . . , k − 1 .
®F/O°
       $ B	  	 	 
  #   
Gc`(A)
! 	G
Gc`+1(A) 
     .9£ c cdt$h¦z}ucnjucizhrgzcn}z"e/cnjmr£mr} w ]} ` ¥ juZ/]8oJEx w ]'o/cnjucdmro |c|`A = α`|c|` ¨
.9£¬cdoJh w/w c jlcnmPo
|c|` = 0 ¥ jlZ/]o c ∩ N ` = ∅ ¥ ¡ Z/]8oz"] |c|C` = 0
hro w
|c|`+1 = 0 ¨ .9j£¤mPgngdm ¡ t$juZhvj |c|`+1A =
|c|`A − α`|c|C` = 0 = α`+1|c|
`+1 ¥ jlZXe@t c cdt^hSz"}lc jlcdz8hvgz"cd}lze/cnj$mr£¬mr} w ]} ` + 1 ¨ 4 jlZ/]} ¡ city] ¥ c £
|c|` 6= 0 ¥ juZ]o c \^cdo/cd\$cd²]Ht&®FrX°«hvo w tycdoz"] ¥ Ex$juZ]&hv}lre\$]8oXjltCmr£­juZ/]&q/}umEmr£Åmr£­|«}umPq@mXtycnjucdmro ¨ O ¥
|c ∩ N `|A` ≤ |c|
`
A ¥ ¡
]mrsjhvcdojlZhkj
c′ = c ∩ N `
cithTz}ucnjucizhrgWz"cd}lze/cnjmv£
A` ¨ Ì x w ]'o/cnjucdmro mr£
C` ¥ ¡ ]µr]jjlZhkjjuZ]µom w ]8tªmv£ c′ @]8gnmPo/fjlm C` ¥ juZEetjuZ]µom w ]8tªmv£ c 6]gdmro/jum C` ¥ ¡ ZcdzZtyZ/m ¡ t
|c|` = |c|C`
mP}
|c|`+1 = 0 ¨ aEcdoz"] |c|`A = α`|c|` ¥ ¡
]r]j
|c|`+1A = 0 = |c|
`+1 ¥ hvo w c cdt&hz"}lcnjucizhvgzcn}z"ec jmv£<mr} w ]8}
` + 1 ¨
½¶]"j
` ∈ {1, . . . , k}
hro w gd]"j
D`
w ]8o/mvjl]«jlZ/]\^cdos³9q/gne@t w cihvPmrohrgr\hkjl}ucn{tyezZjuZhvj
(D`)jj = αmcn£
j ∈ Cm ¡ cnjuZ m < ` ¥ hro w (D`)jj = α` c £ j ∈ N ` ¨ mr}^cdotjhvoz] ¥ cn£ n = 3 ¥ C1 = {1} ¥
C2 = {2, 3} ¥ α1 = 2 hro w α2 = 4 ¥ jlZ/]o D1 = diag(2, 2, 2) hvo w D2 = diag(2, 4, 4) ¨  ]tu]"j
Â` = D
−1
` A .
 ]hvgitum$tu]"j
Gc∞(A) = G
c
k(A), Â = Âk,
hro w
D = Dk .
Â     6GO 6  & 2
A` = α` Schur(C
`−1, Â`)


` = 1, . . . , k 
      ]$q/}umk¢P]juZ/]$gd]\^\hExpcno w ez±jlcnmPo¦mro ` = 1, . . . , k ¨ aEcdoz"] Â1 = α−11 A
hvo w
A1 = A ¥
¡ ]r]j A1 = α1Â1 ¨ .9£ A` = α` Schur(C`−1, Â`) ¥ jlZ/]opetucnoT®rO°hvo w ®Or° ¥ ¡ ]r]j
A`+1 = Schur(C`, α`, A`) = α` Schur(C`, α
−1
` A`)
= α` Schur(C`, Schur(C
`−1, Â`)) = α` Schur(C
`, Â`)
= α` Schur(C
`, D−1` D`+1Â`+1) .
ascnoz]
(D−1` D`+1)jj =
 £¤mr}
j ∈ C` ¥ hro w (D−1` D`+1)jj = α−1` α`+1
mvjuZ]} ¡ cdtu] ¥ cnj£¤mrgdgnm ¡ t£¤}lmr\®8X°WjuZhvj
A`+1 = α`+1 Schur(C
`, Â`+1) ¨
  Ç=WÇ  :  :¯Ç"<  6 6    
1 ≤ ` ≤ k
    
Gc`(A) = G
c(Â`)

Â`
2 #  BV7 92 
  # 		    	   #*>
Â`
 
C`     !  Gc`(A) # Gc(Â) ∩ C`×C` 	  	  	   	  	 =
Gc(Â)
	 	 #*>
C`
  	  	  >3  
  	G!   # 	 
"  	       Gc∞(A) = Gc(Â) #< 1	 
   {1, . . . , n}     	    Â 
     mr}hvgdg«z"cd}z"e/cnjlt c hvo w £¤mP}hrgng ` = 1, . . . , k ¥ ¡ ]^r]jXx¦|«}umPq@mXtycnjucdmroS_ ¨  ¥ |c|`A ≥ α`|c|` ¨ascnoz] ¥ £¤mP}hvgdg¶z"cd}z"e/cnjlt |c|Â` = |c|A − α1|c|C1 − · · · − α`−1|c|C`−1 − α`|c|N` = |c|`A − α`|c|` ¥ ¡
]
P]"jjlZhkj
ρ(Â`) ≥ 0 ¨ >mP}u]8mk¢r]} ¥ c cit&hz}ucnjucizhrgzcn}z"e/cnj¬mr£«mr} w ]} ` cn£ ¥ hro w mrognxpcn£ ¥ |c|`A = α`|c|` ¥
¡ ZcdzZcit]8Xe/cd¢Ohrgn]8oXjWjum |c|Â` = 0 ¨
YZ/cittuZ/m ¡ t«juZhvj ρ(Â`) = 0 hvo w juZhvj c citªhfz"}lcnjucizhvgÅz"cd}z"e/cnjmr£mP} w ]}
`
c £ ¥ hvo w mro/gdxc £ ¥ c cdth$z"}lcnjucizhvg­zcn}z"e/cnjmv£ Â` ¨ .9j£¤mPgngdm ¡ t«jlZhkj Gc`(A) = Gc(Â`) ¨
aEcdoz"]Ex
|W}umPq@mXtycnjucdmro$_ ¨  ¥ hvoExfz"}lcnjucizhvg@z"cd}lze/c jmv£ A` citCmv£6juZ]£¤mr}l\ c′∩N ` ¡ Z]}l] c′ cit«hz"}lcnjucizhvg@z"cd}lze/c j«mr£mP} w ]}
` ¥ juZ]ty]j C` mr£	om w ]8tmr£ Gc(A`) citcdoz"gde w ] w cnojuZ]ty]jmv£<o/m w ]8tmr£ Gc`(A) ¨
 &tycdo/¦®F/O° ¥
Í¤Î	ÏÍÑÐ
 
		 !"#$$#$ /
¡ ]r]jExcdo w e@z±jucdmrojuZ@hkj C` citcnozgne w ] w cdojlZ/]ty]jmv£om w ]8tmv£ Gc`(A) ¨
 mroE¢r]8}ltu]gdx ¥ tucno@z"]hvoExz}ucnjucizhrg@zcn}z"e/cnj
c′
mr£mr} w ]}
`
cdtªtye@zZjuZhvj
c′ ∩N `
cithz"}lc jlcdz8hvg6z"cd}lze/c jªmv£
A` ¥ hvo w tycdoz"]¬juZ/]tu]"jmr£z}ucnjucizhrgPom w ]8t	mv£
A`
cdt
C` ¥ jlZ/]ty]j	mr£o/m w ]Htmr£ Gc`(A)
cit	cno@z"gde w ] w cdo
({1, . . . , n}\N `)∪C` = C
` ¥Z]oz]¬cit«]8Xehrgjlm
C` ¨ 	cdohvgdgnx^cnjcitzgn]Hhv}WjuZhvj ¥ Xx w ]'o/cnjucdmromr£ Â` ¥ Gc(Â`) ⊂ Gc(Â) ¥ hvo w tucdoz"]cnjlttu]"jmr£o/m w ]Htcit
C` ¥ ¡ ]r]j Gc(Â`) ⊂ Gc(Â) ∩ C`×C` ¨  mroE¢P]}ty]8gnx ¥ tucno@z"]µjuZ/]}l]8tyju}lcdz"jucdmrotmr£
Â
hvo w
Â`
jum
C`×C`
hr}u]&]8XehrgÅhro w tucno@z"]
ρ(Â`) = ρ(Â) = 0 ¥ hroXxz}ucnjucizhrg6zcn}z"ec jmv£ Â ¡ cnjuZom w ]8tcdo
C`
cdtz}ucnjucizhrgÅ£¤mr}
Â` ¨ .9j¬£¤mrgdgnm ¡ tªjlZhkjjlZ/]tjl}umPo/rgdxzmro/o/]Hz±jl] w z"mP\$q6mro]oXjltmr£ Gc(Â`)hro w
Gc(Â)
hr}u]µ]8Xehrg ¨
  U7
  
   Ym^cngdgne@tjl}lhvju]µjuZ/]zmr\^q/esjhkjlcnmPomr£jlZ/]z"}lc jlcdz8hvgÅ¢khvgde/]8t ¥ zmrotuc w ]}
A =


∞ 0 ∞ ∞
0 ∞ 1 ∞
1 ∞ ∞ 2
∞ ∞ 4 5

 .
®FPr°
 ]ZhO¢P]
α1 = 0 ¥ hvo w jlZ/]z"}lc jlcdz8hvg­P}lhrq/Zmr£ A citz"mP\^q@mXty] w mr£¶jlZ/]z"cd}lze/cnj (1 → 2 → 1) ¨ YZEet ¥
C1 = {1, 2} ¨  ]ZhO¢r]
A2 = Schur(C1, α1, A)
=
[
∞ 2
4 5
]
⊕
[
1 ∞
∞ ∞
][
∞ 0
0 ∞
]∗ [
∞ ∞
1 ∞
]
=
[
2 2
4 5
]
.
8¬]oz] ¥ α2 = ρmin(A2) = 2 ¥ ¡ c jlZTh^e/o/ciXe/]hrtltymszcdhvju] w z"}lc jlcdz8hvg¶zcn}z"ec j (3 → 3) ¥ hvo w C2 = {3} ¨®F]8z8hvgdg@mPe/}z"mroE¢P]oXjucdmro^jlZhkjaszZEe/}z"mr\^q/gd]\^]8oPjtWcdo/Z/]8}ucnjWjlZ/]cd}cno w cdz]8tW£¤}umP\ juZ/]µ\hkjl}uciz"]HtC£¤}lmr\
¡ ZcdzZJjuZ/]8x hv}l] w ]'o/] w ¥ tymjuZ@hkj (A2)33 = 2 cdtfjuZ/]jlmrqJgd]"£Ñj^]oXjl}ux mr£ A2 ¨ °  ]ZhO¢r] A3 =
Schur(C2, α2, A2) = 5 ⊕ 0
∗4 = 4 ¥ Z/]oz] ¥ α3 = 4 ¥ ¡ c jlZ heo/cdXe/]hPtutumsz"cihkjl] w z}ucnjucizhrg«z"cd}lze/cnj ¥
4 → 4 ¥ hvo w C3 = {4} ¨Ym w ]ju]}l\^cno] juZ]z"}lcnjucizhvgfr}hvq/Zt
Gci (A) ¥ ¡
] etu]J|«}lmrq6mPtuc jlcnmPo _ ¨ _ ¥ ¡ Z/cizZ·tuZ/m ¡ t>jlZhkj
Gc`(A) = G
c(Â`) ¨  ]Shvgd}u]Hh w xºz"mP\$qesju] w Gc1(A) = Gc(A) ¨ aEcdoz] D2 = diag(0, 0, 2, 2) ¥hro w
Â2 = D
−1
2 A =


∞ 0 ∞ ∞
0 ∞ 1 ∞
−1 ∞ ∞ 0
∞ ∞ 2 3


¡ ] w ] w ez]jlZhkj Gc2(A) \ Gc1(A) z"mPotucdtyjltfmv£juZ]zcn}z"e/cnj (1 → 2 → 3 → 1) ¨ 	cdohvgdgnx ¥ D4 =
diag(0, 0, 2, 4)
hro w
Â3 = D
−1
3 A =


∞ 0 ∞ ∞
0 ∞ 1 ∞
−1 ∞ ∞ 0
∞ ∞ 0 1


®¯PP°
¡ ZcdzZÉtyZm ¡ tjlZhkj Gc3(A) \ Gc2(A) z"mPotycityjltµmv£juZ/]z"cd}z"e/cnj (3 → 4 → 3) ¨ YZ/]z"}lc jlcdz8hvg<r}hvqZthr}u]µ}l]q/}l]8tu]oXju] w hPtª£¤mrgdgnm ¡ t
1 42 3
0 21
0
1
4
ÏÏ ØIâHá !J
P   
B 
	  
 @$	9	 # !	
8¬]}l] ¥ juZ/]P}lhrq/Zt Gc`(A) ¥
£¤mP}
` = 1, 2, 3
hv}l]$}l]q}u]Hty]8oPjl] w cnoÉ/gihrz© ¥ \^hrr]8oPjhÉ®¤\^] w cde/\ r}hOx/° ¥hro w P}u]8]o¦®¯gncdrZXjr}l]x/° ¥ }l]8tuq6]8z±jlcn¢P]gdx r£¤mP}ª}l]8h w hvcngdc jx ¥ hfo/m w ]µmr}hv}z&cdt w }h ¡ o ¡ cnjuZjuZ/]z"mPgnmP}mr£jlZ/]\^cnocn\hvg¶r}hvq/Z
Gc`(A)
jlm ¡ ZcdzZc j6]gdmroPt ¨mr}tuezZ>h$tu\hvgdg]"{/hr\$qgn] ¥ juZ/]z}ucnjucizhrg¶z"cd}lze/cnjltz"mPe/g w 6]mr/jlhvcdo/] w Ex\^]8}u]cdotyq6]8z"jucdmro ¨ .ëoP]o/]8}lhrg ¥ Gc`(A) = Gc(Â`)
zhvoS6]^zmr\^q/esjl] w cdoq6mrgdxEo/mr\^cihvg	jucd\^]^juZhro/©st¬jlmp|«}umPq@mXtycnjucdmro  ¨ _ ¥
¡ ZcdzZtyZ/m ¡ tWjuZ@hkj Gc(Â`) z"mrcdozc w ]Ht ¡ cnjuZjuZ]µeo/cnmPomr£juZ/]tyju}lmro/Pgnx^z"mPo/o/]Hz±ju] w zmr\^q@mPo/]oXjtmr£a/hkj
(Â`, V ) ¥ £¤mr}hroEx]cdr]8oX¢P]8z"jumr} V mv£ Â` ¨
@
  % + #. % !& +  *
	*%' !&   +-# B#. !&B%  %' 
 ]o/m ¡ tjhkju]h^tu]8z"mPo w \^hv~mr}lcn²HhkjlcnmPo}l]8tue/g j ¥ ¡ Z/cizZptuZ/mPe/g w 6]z"mr\^qhr}u] w ¡ cnjuZ>YZ/]8mr}l]\  ¨ + ¨
132 ÂEÇ  Â   6   6  >    !      	VU
A ∈ Rn×nmin 
 	
Γ = (γ1 ≤ · · · ≤ γn)
! 	  
!      #! 	#        	 	  3#  
A

  	
β = (β1 ≤ · · · ≤
βn)
! 	B!      	  12 
A
 $!	G$    	  3	 
    	     
Γ ≺w β .
®Fv_X°
     ½¶]"j P = perm(YI⊕A) 6]juZ/]\^cdos³´qgnetCzZ@hv}hrz±jl]}lcdtyjucizq@mPgnxEo/mP\$cihvgEmr£ A ¥ Γ = C(P ) hvo w
Q = (Y ⊕β1) · · · (Y⊕ βn) ¨ ½]j V 6]µhro]cdr]8oX¢P]8z"jumr}mv£ Â ®Ñ£¤mP}cdotyjlhroz"]µhvoExz"mrgde/\^o Â∗·j ¥ tycdoz"]Ex|W}umPq@mXtycnjucdmro_ ¨ _ ¥ ρ(Â) =  hvo w hvgdgÅjuZ]o/m w ]8tmr£ {1, . . . , n} hv}l]z"}lc jlcdz8hvgÑ° ¨ ½]j W = diag V ¨ascnoz]
ÂV = V ¥ ¡ ]r]"j W−1ÂW  =  ¥ ¡ Z/]8}u]  cdtjlZ/]¢P]8z±jlmr} ¡ cnjuZ hrgng]oXju}lcd]8t]HPe@hvgCjlm  ¨YZ]}l]"£¤mr}l] ¥ W−1AW  = D  ¥ juZEet (W−1AW )ij ≥ βi £¤mP}µhrgng i, j = 1, . . . , n ¨  ¬tucno/É®F>+P° ¥ ¡ ]P]"j
trk(A) = trk(W
−1AW ) ≥ β1 · · ·βk .
®FPr°
YZ]o ¥
P = Yn ⊕ tr1(A)Y
n−1 ⊕ · · · ⊕ trn(A) ≥ Y
n ⊕ β1Y
n−1 ⊕ · · · ⊕ β1 · · ·βnY
0
= (Y ⊕ β1) · · · (Y ⊕ βn) = Q .
}umP\ ½]\^\h ¨ 0 ¥ ¡ ] w ] w e@z"] C(P ) ≺w C(Q) hro w tucdoz"] Γ = C(P ) hvo w C(Q) = β ¥ ¡ ]mPsjlhrcnoÉ®¯r_X° ¨
 ]o/]"{EjzZhr}lhPz±ju]8}ucd²]fjuZ/]z8hrtu]8t ¡ Z/]8}u]juZ/]]HXehvgdc jx¦Z/mrg w tµcno ®Fv_X° ¨  ]tlhOxpjuZhvjhP}lhrq/Z
G
ZhPth    	       	  2 cn£	juZ/]8}u]cith w cit¤~mPcnoXje/o/cdmropmv£Cz"cd}lze/cnjltz"mPoXjlhvcdo/cdo/hvgdgÅjuZ/]om w ]8t
mr£
G ¨ YZ/cit^q/}umPq@]8}yjx ¥ ¡ Z/cizZcit^]8Xe/cd¢khvgd]oXj$jumSjuZ/]>h w ~yhrz]ozx \^hvju}lc {mv£ G ZhO¢Ecno/£¤e/gdg 	$  ( Ì / ¥ as]8z±jlcnmPo¦ ¨ ) ¥ zhro6]]8hrtucdgnxzZ/]Hz©r] w ,cnj}u] w ez"]Htjum'o w hfq6]}u£¤]8z"j\hvjlzZ/cdo/®¯mr}ªjumzmr\^q/esjl]h^\^hvjlzZ/cdo/^mv£	\hk{scn\hrgzhv} w cdohvgdcnjxs°cdoh^cnqhr}yjlc jl]r}hvq/Z ¨
132 ÂEÇ  Â   6  ,6  >    !      	VU
A ∈ Rn×nmin 
 	
Γ = (γ1 ≤ · · · ≤ γn)
! 	  
!     #!	 .
       	G !	     # 
A
 #  	
β = (β1 ≤ · · · ≤
βn)
! 	 !       	  92 
A
 G !	!    	    	  #3   	        ` ∈ {1, . . . , k}   $
k
 B	  %  !   	   -  
A
E	      > 2!	   $    	 W
  γj = βj

j ∈ {#C`−1 + 1, . . . , #C`}
 

γ1 · · · γ#C`−1 = β1 · · ·β#C`−1 
  Gc`−1(A)
#
Gc`(A)
 2     	       	   
Í¤Î	ÏÍÑÐ
 
		 !"#$$#$ r
.ëopYZ/]mP}u]8\ _ ¨ 6 ¥ ¡ ]etu]&juZ/]z"mPoE¢r]oXjlcnmPojuZhvj Gc0(A) citªjuZ]µ]8\^qsjxr}hvq/Zhvo
w juZhvjc jZhrth
w cdt¯~mrcdoXjzcn}z"ec j¬zmk¢r]} ¨ ]8z8hvgdghvgitymjuZhvj C0 = ∅ ¨YZ/]q}umEmv£	mv£<YZ/]mP}u]8\ _ ¨ 6f}u]8gncd]8tmPojlZ/]£¤mrgdgnm ¡ cdo/$gn]8\^\^h ¨
Â     6 6    !  	 
tr#C`(A) = β1 · · ·β#C`
®F>0P°
   "
     
Gc`(A)
2<   9	       	  2 
     ½¶]"jet '}ltyjhrtltye/\^]jlZhkj Gc`(A)
ZhPth w cit¤~mPcnoXjz"cd}lze/c jz"mk¢P]} ¨ aEcdoz]&Ex^|«}lmrq6mPtuc jlcnmPo_ ¨ _ ¥jlZ/]ty]jmr£¶o/m w ]Htmr£
Gc`(A)
cit
C` ¥ jlZ/]}l]&]{scdtyjlt w cit¤~mPcnoXj]gd]\^]oXjhv}lx^zcn}z"ec jt c1, . . . , cq cdo Gc`(A)
¡ ZcdzZzmk¢r]}hvgdg/juZ]¬o/m w ]Ht«mv£ C` ¨ ½]"j σ @]¬juZ/]&q@]8}u\esjlhvjucdmromr£­juZ/]&o/m w ]8tWmv£ C` ¡ Z/cizZzmrotucdtyjltmr£¶jlZ/]z"cd}lze/cnjlt
c1, . . . , cq ¨  ]mPsjlhrcno ¥ etucno/T®´+X°,
tr#C`(A) ≤
⊗
j∈C`
Ajσ(j) = β1 · · ·β#C`
⊗
j∈C`
(Â`)jσ(j) = β1 · · ·β#C` ,
tucdoz"] ¥ Ex|«}lmrq6mPtuc jlcnmPo^_ ¨ _ ¥ c1, . . . , cq hv}l]z"}lc jlcdz8hvg/z"cd}z"e/cnjltCmr£ Â` hvo w ρ(Â`) =  ¨ ascnoz]c jW£¤mrgdgnm ¡ t£¤}lmr\®¯PP°WjuZhvj
tr#C`(A) ≥ β1 · · ·β#C` ¥ ¡ ]ZhO¢r]µq/}lmk¢r] w ®¯0P° ¨ mPoX¢P]}ty]8gnx ¥ gd]"jfe@tfhrtltue/\^]^juZhvj®¯0P°Z/mPg w t ¨ ½]j W @]hrtcdoÉjuZ/]q/}umEmr£mr£YZ/]mP}u]8\ _ ¨ 0 ¨Ì xp®F>+P° ¥ juZ/]8}u]]{scdtyjlt w cdt¯~mrcdoXjWz"cd}lze/cnjlt c1, . . . , cq mv£ G(A) tye@zZjlZhkj |c1|+ · · ·+ |cq| = #C` hvo w
tr#C`(A) =
⊗
j∈c1∪···∪cq
Ajσ(j) =
⊗
j∈c1∪···∪cq
(W−1AW )jσ(j) ¡ Z/]8}u] σ cit¶jlZ/]ªq@]8}u\esjlhvjucdmrofmr£jlZ/]¬om w ]8tmv£
C`
zmrotucitjlcno/fmv£ÅjuZ/]z"cd}z"e/cnjlt
c1 ¥ . . . ¥ cq ¨ aEcdoz"] W−1AW  ≥ D  ¥ ¡ ]mr/jlhvcdojlZhkj
tr#C`(A) ≥
⊗
j∈c1∪···∪cq
Djj ¨ .9£ c1 ∪ · · · ∪ cq 6= C` ¥ ¡ ]mr/jlhvcdo ¥ etucno/ βn ≥ · · · ≥ β#C`+1 >
β#C` ≥ · · · ≥ β1 ¥ jlZhkj tr#C`(A) > β1 · · ·β#C` ¥ hz"mPoXju}h w ciz±jlcnmPo ¨ YZ/]8}u]£¤mr}l] ¥ c1∪· · ·∪cq = C` ¥hro w tucnoz]
β1 · · ·β#C` = tr#C`(A) =
⊗
j∈C` Ajσ(j) ¥ ¡
]P]"j ⊗
j∈c1∪···∪cq
(Â`)jσ(j) =
 ¨ aEcdoz"]
ρ(Â`) =
 ¥ juZ/]z"cd}lze/cnjlt c1, . . . , cq ¥ ¡ ZcdzZhr}u]&z"}lc jlcdz8hvg@£¤mr} Â` ¥ hr}u]¬z}ucnjucizhrg6zcn}z"ec jt«mv£ Gc`(A)
®¤Ex
|W}umPq@mXtycnjucdmro_ ¨ _X° ¨ 8¬]oz] ¥ Gc`(A)
Zhrth w cit¯~mrcdoPj¬zcn}z"ec jz"mk¢P]} ¨
      $      ½]j P = perm(YI ⊕A) 6]&jlZ/]\^cno/³´q/gdetzZhr}lhPz±jl]}lcdtyjucizq6mrgdxEo/mr\^cihvgÅmv£
A ¨ Ì x½]8\$\h ¨ P ¥ ¡ ]ZhO¢P]
P n−i = γ1 · · · γi ≤ Pn−i = tri(A) , ¡ c jlZp]8Xehvgdcnjx ¡ Z/]o γi < γi+1 . ®F76v°
 ]ªq/}umk¢P]
=⇒
 ¨
 tltue/\^]WjlZhkj Gc`−1(A) hvo w Gc`(A) ZhO¢P]h w cdt¯~mrcdoXj<zcn}z"ec jCz"mk¢P]} ¨  mr\/cnocno/jlZ/]cno]8Xehvgdcnjx$cdoÉ®¯76r° ¡ cnjuZÉ®¯0P° ¥ ¡ ]µr]"j γ1 · · · γ#C` ≤ β1 · · ·β#C` ¨ aEcn\^cdgdhr}ugdx ¥ γ1 · · · γ#C`−1 ≤
β1 · · ·β#C`−1 ¨  ¬tucdo/T®¯r_X° ¥ ¡ ]r]jjuZ/]}l]¢P]}ty]µcno]8Xehvgdcnjucd]8t
γ1 · · · γj ≥ β1 · · ·βj ,
£¤mP}
j = 1, . . . , n
®¯+P°
tum$juZhvj
γ1 · · · γ#C` = β1 · · ·β#C` ,
®FrP°
γ1 · · · γ#C`−1 = β1 · · ·β#C`−1 .
®¯_PP°
 &cd¢Xc w cdo/¦®FrP°Ex®¯_PX° ¥ ¡ ]r]"j
γ#C`−1+1 · · · γ#C` = β#C`−1+1 · · ·β#C` = α
#C`
`
®¯_H°
ÏÏ ØIâHá !J
v_   
B 
	  
 @$	9	 # !	
®¯}u]HzhrgngÅjlZhkj
#C` = #C
` − #C`−1
° ¨ Yhr©Xcdo/ j = #C`−1 + 1 cdoÉ®F>+X° ¥ hro w e@tycdo/T®¤_XP° ¥ ¡ ]P]"j
γ#C`−1+1 ≥ β#C`−1+1 = α` .
ascnoz]
(γi)
cdtµo/mPo w ]8z}u]Hhrtucno ¥ γj ≥ γ#C`−1+1 ≥ α` Zmrg w t&£¤mr}hvgdg j ∈ {#C`−1 + 1, . . . , #C`} ¥Z]oz] ¥ cn£ γj > α` £¤mr}¬tumr\^] j ∈ {#C`−1 + 1, . . . , #C`} ¥ ¡ ] ¡ mPe/g w ZhO¢P] γ#C`−1+1 · · · γ#C` >
α#C`` ¥
z"mPoXju}h w ciz±jlcno/®¤_O° ¨ YZ/]8}u]£¤mr}l] ¥ γ#C`−1+1 = · · · = γ#C` = α` = β#C`−1+1 = · · · =
β#C` ¨ ]To/]{Xjq/}umk¢P]
=⇒
 ¨ Ì xhrtltye\$q/jucdmro ¥ ®FrX°^hvo w ®¤_XP°$Z/mPg w ¨ Y	hv©Ecdo/ j = #C` + 1cdo ®¯+P°hro w etycdo/¦®FrX° ¥ ¡ ]ZhO¢P] γ#C`+1 ≥ β#C`+1 ¨ aEcdoz] β#C`+1 > β#C` = γ#C` ¥ ¡ ]ZhO¢P]
γ#C`+1 > γ#C` ¥ tum$juZ/]]HXehvgdc jxzhrtu]µcno ®¯ 6v°xEcn]8g w t
γ1 · · · γ#C` = tr#C`(A) .
®¤_Er°
Y	hv©Ecdo/ o/m ¡ j = #C`−1 − 1 cno ®¯>+X° ¥ hvo w e@tycdo/ ®¤_PX° ¥ ¡ ]¦P]"j β#C`−1 ≥ γ#C`−1 ¥ Z/]oz] ¥
γ#C`−1+1 = β#C`−1+1 > β#C`−1 ≥ γ#C`−1 ¥ hvo w juZ/]]HXehvgdc jxzhrtu]cnoÉ®¯ 6v°ªxEcd]g w t
γ1 · · · γ#C`−1 = tr#C`−1(A) .
®¤_XP°
.9jf£¤mrgdgnm ¡ t£¤}lmr\ ½]8\^\^hT_ ¨ + ¥ hvo w £¤}lmr\ ®¯PP° ¥ ®¤_XP° ¥ ®¤_Er°hro w ®¤_XP° ¥ juZ@hkj Gc`(A)
hro w
Gc`−1(A)Z@hO¢r] w cdt¯~mrcdoXj¬z"cd}lze/cnjltz"mk¢P]}t ¨
H Ç  Ç ¯s Ã  6GM 6 "  Gc`−1(A)
#
Gc`(A)
<   9	       	  2 E	   
α`
    
 
   	  #    	 
#C`
	   #        	 	   
  
A 
     ascnoz] γj = βj = α` £¤mr} j ∈ {#C`−1 + 1, . . . , #C`} ¥ α` cdt&hz"mP}uo]}¬mr£C\fe/gnjucdq/gdcdzc jx>hkjgd]8hPtj
#C` − #C`−1 = #C`
mr£CjuZ/]$zZhv}hrz"ju]8}ucitjlcdzµq6mrgdxEo/mr\^cihvg¶mr£
A ¨ Tmr}l]mk¢r]8} ¥ ¡ ]ftuZ/m ¡ ] w cdojlZ/]q/}lmEmv£<mv£   =⇒   mv£CYZ/]mP}u]8\ _ ¨ 6fjlZhkj γ#C`+1 > γ#C` hro w γ#C`−1+1 > γ#C`−1 ¨ YZXe@t ¥
α`
cdt¬h$zmr}lo/]}mr£	\e/g jlcnqgnciz"cnjx]{shPz±jlgnx
#C`
mv£juZ/]zZ@hv}hrz±jl]}lcdtyjuciz&q@mPgnxEo/mP\$cihvg­mr£
A ¨
  	"
ª "!$#µ%'"(
  !$% !$ /  E! %'  !$#&% !& +  +  !&)* #& > !
 ]o/]{XjWtuZ/m ¡ juZhvj«e/o w ]8}WtymP\^]ªomros³ w ]P]o/]8}lhPz"xz"mPo w cnjucdmrot ¥ jlZ/] '}tjCmP} w ]8}«hrtuxE\$q/jumvjlcdz8t<mv£6juZ/]]8cnP]oE¢khvgde/]8tmv£
Aε
hr}u]Pcn¢P]opExjlZ/]z}ucnjucizhrg¢khvgde/]8t¬mv£
A ¨ .9£ G cdt&hvoExP}lhrq/Z ¡ c jlZ¦tu]"j¬mr£<om w ]8t
1, . . . , n ¥ hro w c £ b ∈ Cn×n ¥ jlZ/]\^hvju}lc { bG cdt w ]'o/] w Ex
(bG)ij =
{
bij
cn£
(i, j) ∈ G ¥
0
mrjuZ/]8} ¡ citu] ¨
½¶]"j
G
6]]cnjuZ]}	juZ/]z}ucnjucizhrgEr}hvq/Zmv£
Â
mP}jlZ/]tuhvjue/}hkjlcnmPofP}lhrq/Z$ashvj
(Â, V ) ¥ £¤mP}ChvoEx]cdr]8oX¢P]8z"jumr}
V
mv£
Â
®Ftycdoz]Ex>|«}lmrq6mPtuc jlcnmPoT_ ¨ _ ¥ hrgng	jlZ/]om w ]8t 1, . . . , n @]8gnmPo/jumjuZ/]z"}lcnjucizhvg	r}hvqZTmv£ Â ¥
¡ ]zhrojhv©r]µ£¤mP} V hvoExz"mPgne/\^opmv£ Â∗ ° ¨ ]z"mPotjl}ue@z±jjuZ/]£¤mPgngdm ¡ cdo/z"mroE¢P]oXjucdmrohrgÅa/zZXe}z"mr\^q/gd]\^]8oPjt,
s1 = aG, s` = Schur(C`−1, s1), ` = 2, . . . , k .
®¤_P_X°
Í¤Î	ÏÍÑÐ
 
		 !"#$$#$ P
YZ]a/zZXe}z"mr\^q/gd]\^]8oPj
s`
cit ¡ ]8gng w ]'o/] w hrttumXmPohPtjuZ/]\hkjl}ucn{
r` = aGC`−1,C`−1
®¯_Xr°
citµcnoE¢P]}ujucd/gn]® ¡ ]$h w mrq/j&jlZ/]$zmroE¢r]8oXjucdmro>jlZhkj r1 cit&juZ/]$]\^qsjx¦\^hvju}lc { ¥ hvo w cit&cdoE¢r]8}yjlcn/gd]H° ¨  ]tuZhrgnghrgdtumo]] w jlZ/]£¤mrgdgnm ¡ cdo/$\hkju}lcn{
,
t` = s`C`C` .
®¯_0P°
 Z]o6mvjlZ
s`
hro w
s`−1
hr}u] ¡ ]8gng w ]'@o/] w ¥ t`−1 cdtcdoX¢P]}ujucd/gd]¬hvo w ¡ ]µzhroz"mr\^q/e/ju] s` £¤}umP\ s`−1jlZhvo©Etªjlm>®HP°,
s` = Schur(C`−1, s
`−1) .
 ]tlhOx^juZhvj¬hf£¤eoz±jlcnmPomr£
ε ¥ f(ε) ¥ cdt  $> ω(εα) cn£ limε→0 |f(ε)ε−α| = +∞ ¨
132 ÂEÇ  Â  $,687"6! 	
s`

r`

t`

` = 1, . . . , k
!   	  	G$<2 ®¤_P_ ¥ _X ¥ _0X°!   	  G = Gc(Â) !  2  9	3    	 
G =
ashkj
(Â, V )
  BV   	G
V

Â    !  @	  	 	  	VU r` 	     
1 ≤ ` ≤ k
 #< 	
λ`1, . . . , λ
`
m`
 
	G 	 #  *  V 3 
t`   
  	  ! "V7    G$	!    	  3	 
    	       	   V7  
Aε
  !> * ! 
  m`
V7      	52 #	G	    U  
L`,jε ∼ λ
`
jε
α` , 1 ≤ j ≤ m` ,
®¯_ 6v°
  #C`−1 V    ω(εα`) 
  #N ` − m` V7 92  $> o(εα`) 
"  	           t1, . . . , tk    5	       1 ≤ ` ≤ k  Aε  :U   	   #C`V7 92  
εα`
    2 2 #	G	     >    ®¤_ 6v° 
 ]q/}lmk¢r]YZ/]mP}u]8\ ¨ cno>aE]8z"jucdmroT ¨  ¨Ì xº|«}lmrq6mPtuc jlcnmPo  ¨ _ ¥ juZ/]Stuhvjue/}hkjlcnmPoºr}hvq/Z ashvj (Â, V ) ® w ]'o/] w cdo aE]8z"jucdmro  ¨ O°hvo w juZ/]z}ucnjucizhrg¶P}lhrq/Z
Gc(Â)
ZhO¢r]jlZ/]tlhv\^]ftyju}lmrorgdxz"mPo/o/]Hz±ju] w z"mP\$q6mro]oXjlt ¨ YZ/cit¬]{sq/gdhrcno@t ¡ ZEx ¥ cnoYZ]mr}l]\  ¨  ¥ mro/]z8hvopetu]µ]8c jlZ/]}jlZ/]r}hvqZ G = Gc(Â) mr}jlZ/]r}hvq/Z G = ashkj (Â, V ) ¨YZ/]£¤mPgngdm ¡ cdo/}u]Htye/gnj ¥ juZhvj ¡ ]hvgitumµq}umk¢P]cdo^as]8z±jlcnmPo ¨  ¥ tuZ/m ¡ tjuZhvjCjuZ/]hPtutue/\^qsjlcnmPot<mv£6juZ/]jlZ/]mP}u]8\hr}u]P]o/]8}ucizhrgngdxtlhkjlcdt '] w ¥ cn£ ¡ ]fhPtutue/\^]juZhvj¬jlZ/]fz"}lcnjucizhvgr}hvq/Z@tZhO¢r] w cit¯~mrcdoPjµz"cd}lze/c jzmk¢r]8}lt ,
  Ç=WÇ  :  :¯Ç"< $ 6P4 6& 	
` = 1, . . . , k    !  		 Gc`−1(A) 
 Gc`(A)     9	       	 2!      r` # t`  N7 
   3H92	      	  		     !  V7 92   Aε   	   !  2  9	 	 
λεα`
    
λ ∈ C \ {0}
  7 
    
#C` 
  U7
 
     Ymcngdgdetjl}lhvju]YZ/]8mr}l]\  ¨  ¥ zmrotuc w ]}<juZ]\hkju}lcn{®O°<mv£6juZ]cnoXjl}um w ez"jucdmro ¥ tymjlZhkj
(Aε)ij ' aijε
Aij ¥ ¡ c jlZ
a =


1 1 1
1 1 1
1 1 1

 , A =


1 0 4
∞ 1 −2
1 2 ∞

 .
 ]ZhO¢P]
ρmin(A) = −1/3 ¥ hvo w Gc(A) z"mPotucdtyjltªmv£	juZ]z"}lc jlcdz8hvgz"cd}z"e/cnj ,
ÏÏ ØIâHá !J
>0   
B 
	  
 @$	9	 # !	
2 31
−20
1
tumjlZhkjjlZ/]$zmrotyju}lez"jucdmro¦mr£«juZ]$z}ucnjucizhrg<zgdhPtutu]8tµtyjumrq@t ¡ cnjuZ C1 = {1, 2, 3} hvo w k = 1 ¨ YZ/]o ¥
Gc(Â) = Gc1(A) = G
c(A)
zmk¢r]}tªhvgdg­juZ/]om w ]8t®¯tu]]|«}lmrq6mPtucnjucdmro_ ¨ _X° ¥ Z]oz] ¥
s1 =


0 1 0
0 0 1
1 0 0

 .
ascnoz]jlZ/]tuq@]Hz±jl}ue/\mr£
s1
cit
{1, j, j2} ¥ YZ/]mP}u]8\ ¨ ftuZ/m ¡ tjuZhvj¬juZ]$tuq@]Hz±jl}ue/\mr£ Aε zmrotucdtyjltmr£¶jlZ/]juZ/}l]]]8cnP]oE¢khvgde/]8tªPcn¢P]ocnoÉ®FP° ¨  U7
 
   
 Ym^rcd¢r]hvop]"{/hv\^q/gd]cno ¡ Z/cizZ w c Å]}l]oXj]{Eq6mro]oXjlthrq/q@]Hhv} ¥ z"mPotyc w ]8}
Aε =


· a12 · ·
a21 · εa23 ·
εa31 · · ε
2a34
· · ε4a43 ε
5a44

 ,
¡ Z]}l] aij ∈ C ¥ hro w  · w ]o/mrju]8th^²8]}lm]8oXju}lx ¨ YZ/]hrtltumEzcdhvju] w \hkjl}ucn{mr£]"{sq6mro/]8oXjlt A citrcd¢r]8oEx>®¯Xr° ¥ hro w ¡ ]¬tuh ¡ cdo ; {/hv\^q/gd]¬_ ¨ µjlZhkjjuZ/]µz"}lc jlcdz8hvg@¢Ohrgne]8t«mr£ A hr}u] α1 = 0 ¥ α2 = 2 ¥ α3 = 4 ¥
¡ cnjuZ C1 = {1, 2} ¥ C2 = {3} ¥ C3 = {4} ¨ YZ/]z}ucnjucizhrg6P}lhrq/Z G = Gc(Â) mr£juZ/]\hkjl}ucn{ Â = Â3mr£®¯rX° ¡ hPt}u]8q/}u]Hty]8oXju] w cno ; {/hr\$qgn]_ ¨  ¨ YZEet ¥
s1 = aG =


· a12 · ·
a21 · a23 ·
a31 · · a34
· · a43 ·

 .
YZ]]cdr]8oX¢khrgne/]Htmv£<jlZ/]\hkjl}ucn{
t1 =
[
0 a12
a21 0
] hv}l]juZ/]ftlXehv}l]}lmXmrjltmr£
a12a21 ¨ ½¶]"j&e@t¬hrtltue/\^]jlZhkj
a12a21 6= 0 ¨ YZ/]o ¥ YZ/]8mr}l]\  ¨ ¬tuZ/m ¡ tCjlZhkj Aε Z@hrtCj ¡ mf]8cnP]oE¢khvgde/]8t ¡ c jlZhrtuxE\^qsjumrjucizt«mr£jlZ/]£¤mr}l\
Lε ∼ ξ ¥ ¡ Z/]8}u] ξ2 = a12a21 ¨ >mr}l]mk¢P]} ¥
s2 = Schur({1, 2}, s1) =
[
−a31a
−1
21 a23 a34
a43 ·
]
, t2 = −a31a
−1
21 a23 .
.9£ ¡ ]^hPtutue/\^]h w/w c jlcnmPohvgdgnxTjuZhvj a31a23 6= 0 ¥ YZ]mr}l]\  ¨ tuZ/m ¡ tµjuZ@hkj Aε ZhPthvoS]cdr]8oE¢Ohrgne]
¡ cnjuZphrtuxE\^qsjumrjucizt Lε ∼ −a31a−121 a23ε2 ¨
	cnohrgngdx ¥ hPttymEmrohrtjuZ/]\hkjl}ucn{ r3 cdtªcdoX¢P]}ujucd/gd] ¥ c ¨ ] ¨ ¥ hrttumEmrophrt
det r3 = a12a23a31 6= 0 ¥ jlZ/]faszZEe/}zmr\^q/gd]\^]oXj
t3 = s3 = Schur({1, 2, 3}, s1) = a43a
−1
23 a21a
−1
31 a34 .
cit ¡ ]gdg w ]'@o/] w ¨ ®  Z/]o s2 cit ¡ ]8gng w ]'o] w ¥ juZhvjcdt a12a21 6= 0 ¥ hvo w a31a23 6= 0 ¥ ¡ ]>\hOxmPsjlhrcnoJ]8Xe/cd¢Ohrgn]8oXjugdx
t3
hrt
Schur({3}, s2) ¨ ° YZEet ¥ ¡ Z/]o a12a23a31 6= 0 hvo w a43a21a34 6= 0 ¥YZ]mr}l]\  ¨ tuZ/m ¡ tªjuZ@hkj Aε ZhPthvo]cdr]oE¢khvgde/] ¡ cnjuZ>hrtuxE\$q/jumvjlcdz8t Lε ∼ a43a−123 a21a−131 a34ε4 ¨
@
  #&+++  ),+-#& /  %'   #.+-	+ > !& +E  

mr}jlZ/]q/}lmEmv£mv£YZ/]8mr}l]\ ¨  ¥ ¡ ]o/]] w jum>etu]jlZ/]£¤mrgdgdm ¡ cno/>gd]\^\h ¥ ¡ Z/cizZS£¤mrgdgnm ¡ t}l]8h w cdgnx£¤}lmr\ juZ/] w ]'o/cnjucdmropmv£ w ]"jl]}l\^cnohroXjlt ¨
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	 !"#$$#$ 76
Â    $,6 $,6 "  b, b̃ ∈ Cn×n   	   @V$$  G(b) # G(b̃)    2       	  "!   9	    2 	  >    #  	G!  
 9	    	     H
  
bij = b̃ij
  B  
(i, j)! >> 	G       	 
G(b)

G(b̃)
E	   
det b = det b̃ 
½¶]"j
V
6]¬hro$]8cnP]oE¢r]Hz±jlmr}<mv£
Â
hro w gn]jªashkj
=
ashkj
(Â, V ) ¨ YZ/]¬zZhro/r]mv£Å¢khv}lcdhr/gd]8t λ = µεα` ¥£¤mP}tymP\^]
1 ≤ ` ≤ k ¥ ju}hvoty£¤mr}l\tjuZ/]zZhr}lhPz±jl]}lcdtyjucizq6mrgdxEo/mr\^cihvg­mv£ Aε cdoXjum
det(µεα`I −Aε) = det(ε
D`) det(µεα`εD
−1
` I − εD
−1
` Aε) = det(ε
D`)P(ε, µ)
¡ Z/]}l] P(ε, µ) = det(µεα`εD−1` I − εD−1` εdiag(V )−1Aεεdiag(V )) .
.9£
C ⊂ L
hv}l]@'@o/c jl]ty]jlt ¥ ¡ ] w ]o/mrju]Ex ELC
juZ]
L × L
w cihvrmPohvgÅ\hkjl}ucn{tuezZjuZhvj
(ELC)ii =
{
1
£¤mP}
i ∈ C ,
0
£¤mP}
i ∈ L \ C .
.9£
L = {1, . . . , n} ¥ ¡ ]tuZhvgdgtucn\^q/gdx ¡ }lc jl] EC cno@tjl]8h w mr£ ELC ¨
 ]ZhO¢P]
εD
−1
εdiag(V )
−1
Aεε
diag(V ) −→
ε→0
a 
	 	 , εD−1` εD −→
ε→0
EC` ,
hvo w
εα`εD
−1
` −→
ε→0
EN` ,
®¯_+P°
Z]oz]
P(ε, µ)−→ε→0 P(0, µ) ¥ ¡ Z]}l]
P(0, µ) = det(µEN` − EC`a 
	 	 ) .
ascnoz]ashkjfhro w
Gc(Â)
ZhO¢P]$juZ/]tlhv\^]tyju}lmro/PgnxTzmro/o/]Hz±jl] w z"mP\$q6mro]oXjlt®¯Xx|«}lmrq6mPtuc jlcnmPoÉ ¨ _E° ¥½¶]\^\h ¨ fxEcd]g w t ,
P(0, µ) = det(µEN` − EC`a
Gc(Â)) .
YZ]tuhr\$]hr}uPe/\^]oXjlthrgdtumtyZ/m ¡ juZ@hkjjuZ]cnoE¢P]}ujucd/cngdcnjxmv£	juZ/]f\^hvju}lc { r` cdtcdo w ]8q@]8o w ]8oPj&mv£<juZ/]zZmrciz"]¬mr£
G =
ashvjªmP}
G = Gc(Â)
cdo®¯_r_X° ¨ 8]8oz"] ¥ cn£ s` ¥ r` ¥ t` hv}l]&zmrotyju}lez±jl] w hrtªcnoS®¤_P_ ¥ _X ¥ _0X°
¡ cnjuZp]8c jlZ/]} G = ashvjmr} G = Gc(Â) ¥ hvo w c £ r` citcnoE¢P]}ujucd/gn] ¥ juZ/]8o
P(0, µ) = µ#N
`+1
det(µEC
`
C`
− aGC`,C`) = µ
#N`+1 det(−r`) det(µI − t`) .
}umP\ ½]8\$\h^ ¨ hvq/q/gdcd] w jum P(ε, Y) ¥ jlZ/]}l]]"{scdtyjlt #N ` zmroXjucdoEe/mret£¤e/o@z±jucdmro@t ε 7→ Lm,jε ¥ ¡ cnjuZ
j = 1, . . . , #Cm
hvo w
m = `, . . . , k ¥ tyezZjuZ@hkj Lm,jε
hv}l]fjlZ/]}umEmrjltµmv£
P(ε, Y)
£¤mP}hvgdg
ε
tu\hvgdg
]8o/mrerZ ¨ 8]8oz"] ¥ L`,j0
hr}u]fjuZ/]]cdr]8oX¢khrgne/]Ht¬mr£
t`
hro w
Lm,j0 = 0
£¤mr}
m > ` ¨ YZ/]mrjuZ/]8}&}lmEmvjtmv£
P(ε, Y)
jl]o w jum^cdo 'o/cnjx ¨ YZcdttuZ/m ¡ tYZ/]8mr}l]\ ¨  ¨ ] '@ohvgdgnxq/}lmk¢r]W|«}umPq@mXtycnjucdmro$ ¨  ¨ .9£/jlZ/]ty]j	mr£/o/m w ]8tmv£ Gc`−1(A)
zhro6]ªzmk¢r]}l] w Ex w cit¤~mPcnoXj
zcn}z"ec jt ¥ c j£¤mrgdgnm ¡ t­£¤}umP\ |«}lmrq6mPtucnjucdmro_ ¨ _jlZhkjjlZ/]8tu]Wzcn}z"e/cnjlthvgitym¬@]8gnmPo/jum Gc(Â)∩C`−1×C`−1 ¨Ì x w ]'@o/c jlcnmPo>mv£
r` ¥ £¤mr}&r]o]}lcdz¢khvgde/]Htmv£ a = (aij) ¥ juZ]8tu]fz"cd}lze/cnjlt6]gdmrojumjlZ/]P}lhrq/Zpmv£ r` ¥
¡ ZcdzZcn\^q/gdcn]Ht$juZhvj^juZ/] w ]"jl]}l\^cnohroXj^mr£ r` cdt^P]o/]8}ucizhrgngdxÉo/mros³9²]8}um ¨ YZXe@t ¥ r` cit^r]8o/]}lcdz8hvgdgnxcdoE¢r]8}yjlcn/gd] ¨ YZ/]>tlhv\^]>hv}lre/\^]8oPjtuZ/m ¡ tjuZhvjc £ Gc`(A)
zhvo6]Tz"mk¢r]8}u] w Ex w cit¯~mrcdoPjzcn}z"e/cnjlt ¥
r`+1
citr]8o/]}lcdz8hvgdgnx cdoE¢r]8}yjlcn/gd] ¥ hvo w tucno@z"] t` = Schur(C`−1, r`+1) cit$juZ/]¦a/zZXe}z"mr\^q/gd]\^]8oPjmr£WjlZ/]r]8o/]}lcdz8hvgdgnxpcdoE¢r]}ujucd/gd]
C`−1 × C`−1
tue//\hvju}lc {¦mr£
r`+1 ¥ ohv\^]gdx r` ¥ cnoSjlZ/]r]8o/]}lcdz8hvgdgnxcdoE¢r]8}yjlcn/gd]f\hvju}lc {
r`+1 ¥ t` \fetyjhrgdtum6]$r]o]}lcdz8hvgdgnxpcdoX¢P]}ujucd/gd] ¨ YZXe@t ¥ m` = #C` r]8o/]}lcdz8hvgdgnxcdo>YZ/]mP}u]8\  ¨  ¨
ÏÏ ØIâHá !J
>+   
B 
	  
 @$	9	 # !	
  	"
ª "!$#
W<
  !$% !$ /  E! %'  !$#&% !& +  +  !&)* #& > !
 ]o/m ¡ z"mro@tyc w ]}]8cnP]oE¢r]Hz±jumP}lt ¨
132 ÂEÇ  Â    687"6! 	
s`

r`

t`

` = 1, . . . , k
!   	   	G!    $        $  	  		    	 VU
r`
 B	   B 
1 ≤ ` ≤ k
E		
µ 6= 0
  !  # V7 92  
t`
 #
	
V
! V   	G 
Â`  
  	   $	 
(µEN` − a 	 	 (Â`,V ))w = 0,
®¤_XP°
2     	 
w = (wj) ∈ C
n \ {0}
* 	G    	  #3  	    	G9	     !  	        V  
Lε
   	  2 #	G	   
Lε ∼ µε
α`
 
  
wi 6= 0
 95V7   	G
Vε!  	G$ 	G 	   
Lε
	  ( 
(Vε)i 6= 0

ε
    #   

(Vε)j
(Vε)i
'
wjε
Vj
wiεVi
,
£¤mr}
j ∈ {1, . . . , n} .
®FrP°
 ]q/}lmk¢r]YZ/]mP}u]8\ 0 ¨ cno>aE]8z"jucdmro 0 ¨  ¨  U7
     YmTcdgngdetyju}hkju]YZ/]mP}u]8\ 0 ¨  ¥ gd]"je@tq/e/}tue/]juZ]hvo@hvgdxEtucitmv£jlZ/]]"{/hr\$qgn]mr£juZ/]cdoXju}lm w ez±jlcnmPo ¨  ]tlh ¡ cdo ; {/hv\^q/gd]¬ ¨ ¬jlZhkjCjlZ/]]8cnP]oE¢khvgde/]8t	mv£6juZ]\^hvju}lc {p®O°	ZhO¢r]hrtuxE\^qsjumrjuciz]HXe/cn¢khrgn]8oPjtfmr£juZ]£¤mP}u\
ξε−1/3 ¥ ¡ Z/]8}u] ξ cit$hz"e/cdz}umEmrjmv£ 1 ¨  Z]o µ = ξ ¥ hroXx tumrgdesjucdmromr£®¤_XP°f® ¡ cnjuZ ` = 1 ° ¥ citq/}lmrq6mr}ujucdmro@hvg­jlm w = [1, ξ, ξ2]T ¨ aEcdoz"] A ZhPt¬he/o/ciPe]z"}lcnjucizhvg	z"gihrtlt ¥
C1 = {1, 2, 3} ¥ ExTYZ/]mP}u]8\  ¨  ¥ A Zhrthe/o/ciPe]]8cnP]oE¢r]Hz±jumP} ¥ e/qjumphtlzhrgdhr}¬£¯hPz±jumP} ¥ hro w ¡ ]z8hvojlhv©P]
V = [0,−1/3, 4/3]T = Â∗·,1 ¨
YZ/]8mr}l]\ 0 ¨ tyZm ¡ t«jlZhkjhvoEx]8cnP]oE¢r]Hz±jumP} Vε hPtutumsz"cihkju] wjlm$juZ/]]8cnP]oE¢khvgde/]
ξε−1/3
cit]8Xe/cd¢khvgd]oXjjum
[1, ξε−1/3, ξ2ε4/3]T ,
eqjlmh$tlzhrgdhr}ª£¯hrz±jlmr} ¨ Z/]8o
wj = 0 ¥ YZ/]8mr}l]\ 0 ¨ ¬Pcn¢P]8tWhfq@mEmP}cdos£¤mr}l\hkjlcnmPomrojlZ/]µhPtyxE\^qsjlmvjuciztWmv£ (Vε)j ¨ >mr}l]"³mk¢P]} ¥ ¡ Z/]8o Â` ZhPtty]8¢r]8}lhrgz}ucnjucizhrg¬z"gihrtltu]8tp®¯tumÉjuZhvjjuZ]>]cdr]oE¢P]8z±jlmr} V cito/mroºe/ocdXe/]O°$juZ/]omros³9²]8}um^zZhv}hrz"ju]8}mr£
wj
w ]q6]o w tcnophz"}lcnjucizhvg ¡ hOxmv£juZ/]]8cnP]oE¢r]Hz±jlmr} V ¡ Z/cdzZpcitty]8gn]Hz±jl] w ¨  U7
     YZ/]$£¤mPgngdm ¡ cno]{shr\^q/gn]^cdgngdetyju}hkjl]8t&juZ/]cd\^q@mP}yjhvoz]mr£WjlZ/]zZ/mrciz"]$mv£juZ/]]8cnP]os³¢P]8z"jumr}
V
cdoYZ]mr}l]\ 0 ¨  ¨  mrotuc w ]}
Aε =


1 ε ε3
−2ε ε2 ·
ε3 · 2ε2


¡ ZcdzZcdt¬tyezZjuZ@hkj (Aε)ij ' aijεAij ¡ c jlZ
A =


0 1 3
1 2 ∞
3 ∞ 2

 , a =


1 1 1
−2 1 ·
1 · 2

 .
 ]ZhO¢P]
α1 = ρmin(A) = 0 ¥ ¡ cnjuZ>h$e/o/ciXe/]z"}lcnjucizhvgzcn}z"ec j (1 → 1) ¨ 8¬]oz] ¥ C1 = {1} ¥ hvo w
A2 = Schur({1}, A) =
[
2 4
4 2
]
.
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	 !"#$$#$ r
YZEet ¥ α2 = 2 ¥ C2 = {2, 3} ¨  ]ZhO¢r]
Â =


0 1 3
−1 0 ∞
1 ∞ 0

 .
ascnoz]¬jlZ/]z"}lc jlcdz8hvg6r}hvq/Zmr£
Â ¥ ¡ Z/cizZcitjuZ/]µe/o/cdmromv£jlZ/]z"mr\^q/gd]"jl]&P}lhrq/Zmro {1, 2} ¥ hvo w mv£jlZ/]gdmEmrq
(3 → 3) ¥ Z@hrtªj ¡ mtjl}umPo/rgdxz"mPo/o/]8z"ju] w zmr\^q6mro/]8oPjt ¥ {1, 2} ¥ hvo w {3} ¥ jlZ/]]cdr]8otuqhrz]µmr£ Âcittuqhvo/o] w XxjuZ/]j ¡ m$¢r]8z"jumP}lt Â∗·,i ¥ i = 1, 3 ¨
½]"jetjlhv©P]
V = Â∗·,3 = [3, 2, 0]
T ,
£¤mP} ¡ Z/cizZ>jlZ/]tlhkjle/}lhvjucdmropr}hvqZ>cdt¬mrsjhvcdo/] w Exph w/w cno/juZ/]$hv}z (1 → 3) jlmjuZ]z"}lcnjucizhvgr}hvq/Zmr£
Â ¨ Yhr©Ecno/ G = ashvj (Â, V ) cno ®¤_P_X° ¥ ¡ ]P]"j
s1 = a 	 	 (Â,V ) =


1 1 1
−2 1 ·
· · 2

 . ®´sH°
ascnoz]
t1 = 1 ¥ YZ/]mP}u]8\ ¨ tuZ/m ¡ tµjuZhvj Aε Z@hrthp}lmXmrj ¡ c jlZ hrtuxX\^qsjlmvjlcdz8t Lε ∼ 1 ¥ hvo w tucdoz"]
t2 = s2 = Schur({1}, s1) = [ 3 20 2 ]
Z@hrt}lmEmvjlt
2, 3 ¥ Aε ZhPt^j ¡ mS]8cnP]oE¢khvgde/]8t ¡ cnjuZ }l]8tuq@]Hz±jlcn¢P]hPtyxE\^qsjlmvjucizt
Lε ∼ 2ε
2 ¥ hvo w Lε ∼ 3ε2 ¨ ½¶]"jetzmr\^q/esjl]$£¤mr}cdotjhvoz]$juZ/]hrtuxE\^qsjumrjuciztµmv£ªjuZ/]]8cnP]oE¢r]Hz±jlmr}
Vε
hrtltymsz"cihkjl] w jum
Lε ∼ 2ε
2 ¥ etucno/ YZ/]8mr}l]\ 0 ¨  ¡ cnjuZ ` = 2 hro w µ = 2 ®ÑjlZEet
Â2 = Â
° ¨  cnjuZpjuZ]q/}u]8¢EcnmPetzZ/mrciz"]mr£ V ¥ ¡ ]o]] w jlmtumrgd¢r]µjlZ/]tyxstyju]8\®¤_XP° ¥ ¡ Z/cizZ ¥ ExS®´sO° ¥tuq6]8z"cihvgdcd²]8tªjlm
w1 + w2 + w3 = 0, −2w1 − w2 = 0, 0 = 0 .
 gngªjlZ/]>tymPgnesjlcnmPotmv£jlZ/cdt^tuxstjl]\ hv}l]q}umPq@mP}yjlcnmPohvgWjum w = [1,−2, 1]T ¨ YZEet ¥ YZ/]mP}u]8\ 0 ¨ tuZ/m ¡ tjuZ@hkje/qjumh^\e/g jlcnqgncizhvjucd¢r]z"mPotjhvoXj ¥
Vε ∼ [ε
3,−2ε2, 1]T .
 mPotuc w ]8}o/m ¡ jlZ/]hvgnju]8}uohvjucd¢r]zZ/mrciz"]mr£ V ,
V = Â∗·,1 = [0,−1, 1]
T .
YZ]o ¥ ashvj (Â2, V ) cdtµmPsjlhrcno/] w Ex>h w/w cno/juZ]$hr}lz (3 → 1) jumjuZ/]z}ucnjucizhrgP}lhrq/ZTmv£ Â ¨ YZ]mv³}l]\ 0 ¨ µxEcd]g w tªjuZ@hkj (Vε)i ' wiεVi ¥ ¡ Z]}l]
w1 + w2 = 0, −2w1 − w2 = 0, w1 = 0
hro w tycdoz"]>hrgngjlZ/]>tymPgnesjlcnmPot
w
hv}l]q}umPq@mP}yjlcnmPohvgjum
[0, 0, 1]T ¥ ¡ ]gd]8hr}uomro/gdx £¤}lmr\ ®´vX°jlZhkj
(Vε)1/(Vε)3 ' 0ε
−1 ¥ hvo w (Vε)2/(Vε)3 ' 0ε−2 ¥ h$¢r]8}uxq6mEmr}cdos£¤mr}l\hkjlcnmPo ¨	@        Z]o µ citCo/mrjWhµtucd\$qgn]}lmXmrjCmv£ t` ¥ jlZ/] '}tj«mP} w ]8}ChrtuxX\^qsjlmvjlcdz8t<mv£jlZ/]]cdr]8oE¢r]8z"jumP}\hOx6]}le/gn] w ExZ/cnPZ/]}mP} w ]}ªju]8}u\tcdojuZ/]]{Eq@hvotucnmPotªmv£	juZ/]]8oXju}lcn]Htmv£
Aε ¥ tu]] (  Ì F>+)­£¤mr}h^tuq@]Hz"cihvgz8hrtu] ¨
ÏÏ ØIâHá !J
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 ] '}tjmrtu]}l¢r]juZhvjExTYZ/]8mr}l]\  ¨  ¥ jlZ/]}l]^cdtµmPo/gnx>mPo/]$]cdr]oE¢khvgde/] Lε mv£ Aε ]HXe/cn¢khrgn]8oPjµjum
µεα` ¨ YZ/]8opjuZ/]hrtltymsz"cihkjl] w ]cdr]8oX¢P]8z"jumr} ¥ Vε ¥ cite/o/ciXe/] ¥ e/qpjlmh^\fe/gnjucdq/gdcdz8hkjlcn¢P]fz"mPotjhvoXj ¥ tycdoz"]£¤mP}
ε
tu\^hrgng­]8o/mrerZ ¥ Lε cdth^tucn\^q/gd]]cdr]8oX¢khrgne/]mr£ Aε ¨Ymq}umk¢P]YZ/]mP}u]8\ 0 ¨  ¥ ¡ ]q@]8}y£¤mP}u\ jlZ/]zZ@hvo/P]mv£¢khr}ucihv/gd]8t Vε = εdiag V Wε hvo w Lε =
Mεε
α` ¥ ¡ Z/]}l] Mε → µ ¡ Z]o ε → 0 ¨  £Ñju]8}\fe/gnjucdq/gdxEcno/ Vε ExThz"mro@tjhvoXj ¥ ¡ ]\hOxThrtltue/\^]jlZhkj ∑
1≤j≤n |(Wε)j | = 1 ¨
}umP\
AεVε = LεVε ¥ ¡ ]µP]"j
εD
−1
` ε(diag V )
−1
Aεε
diag V Wε = Mεε
D−1
` εα`Wε ,
¡ Z]}l] εD−1` εdiag(V )−1Aεεdiag V → a 
	 	 (Â`,V ) ¡ Z/]o ε → 0 ¨ Y¶mPr]"jlZ/]} ¡ cnjuZ ®¯_+P° ¥ jlZ/cdtfcn\^q/gdcd]8tjlZhkj¬hroExgncd\^c j¬q6mrcdoXj
w
mv£
Wε ¡ Z/]o ε → 0 tlhkjlcdt ']Ht
a 	 	 (Â`,V )w = µEN`w,
hvo w
|w1| + · · · + |wn| = 1 .
®FPr°
YmtyZm ¡ juZ@hkjCjuZ]tymPgnesjlcnmPo w mr£®FrP°	cdt<eo/cdXe/] ¥ e/q$jlmjuZ/]\e/g jlcnqgncizhvjucdmro^Exhz"mP\$qgn]{foEe/\f6]}mr£\^m w e/gdet
1 ¥ ¡ ]tuZhvgdg­q/}lmk¢r]&juZhvj µEN` − a 
	 	 (Â`,V ) Zhrt}hvo/© n − 1 ¨aEcdoz] ¥ Ex|«}lmrq6mPtuc jlcnmPop ¨ _ ¥ ashkj (Â`, V ) hvo w Gc(Â`) = Gc`(A)
ZhO¢r]jlZ/]ftlhv\^]tjl}umPo/rgdxzmros³
o]8z±jl] w z"mP\^q@mPo/]oXjlt ¥ hrq/q/gdxEcno/ ½¶]\^\hÉ ¨ ¦jlmjlZ/]>\hkjl}uciz"]Ht b = b(λ) = λEN` − a 	 	 (Â`,V )hro w
b̃ = b̃(λ) = λEN` − a
Gc`(A) ¥ ¡ cnjuZ λ ∈ C ¥ ¡ ]r]"j det b(λ) = det b̃(λ) ¨ Tmr}l]mk¢r]8} ¥ tucdoz"]
Gc`(A)
hro w jlZ/]}l]8tyju}lcdz"jucdmro mr£
Gc(Â)
jum
C`
ZhO¢P]juZ]tlhv\^]tyju}lmro/PgnxÉz"mPo/o/]Hz±ju] w z"mP\^q@mPo/]oXjlt
®Fty]8]p|«}umPq@mXtycnjucdmro_ ¨ _X° ¥ jlZ/]oºEx½¶]\^\hÉ ¨ ShrPhvcdo ¥ det b̃(λ) = det(λEC`C` − r`+1)λ#N
`+1
=
det(−r`) det(λI − t`)λ#N
`+1 ¥ ¡ Z/cdzZxEcn]8g w t,
det b(λ) = det(−r`) det(λI − t`)λ#N
`+1
.
®´vP°
8¬]oz] ¥ det b(µ) = 0 tucno@z"] µ citWhro^]cdr]oE¢khvgde/]mv£ t` ¥ hro w µEN` −a 
	 	 (Â`,V ) ZhrtC}hvo© < n ¨ aEcdoz"]
µ
cithptycd\^q/gn]]8cnP]oE¢khvgde/]^mv£
t`
hvo w
µ 6= 0 ¥ µ cith>tycd\^q/gn]}lmEmvjmv£ªjuZ]]8XehkjlcnmPo det b(λ) = 0 ¨8¬]oz] ¥ juZ/]&qhv}ujucihvg w ]}lcd¢Ohvjucd¢r] ∂λ det b(λ) ¥ ]¢khvgdehvju] w hvj λ = µ ¥ cdtWo/mros³9²]8}um ¥ ¡ Z/cizZcd\^q/gncd]8tWjuZ@hkjjlZ/]}l]cith>tyety]j
L
mv£
{1, . . . , n} ¥ mv£zhr} w cdohrgncnjx n − 1 ¥ tyezZSjlZhkj det(b(µ)L,L) 6= 0 ¥ ¡ Z/cdzZtuZ/m ¡ t«juZhvj µEN` −a 
	 	 (Â`,V ) ZhPtW}hvo© n− 1 ¨ YZEet ¥ ®¯_PP°«Zhrtmrognx^mro]¬o/mPos³´²8]}lmftumrgdesjucdmro ¥ e/qjlmhtlzhrgdhr}\fe/gnjucdq/gd] ¥ ¡ Z/cizZTcn\^q/gdcd]8tjlZhkjhvgdgjlZ/]tumrgdesjucdmro@tmv£f®´rP°hv}l]mv£<jlZ/]£¤mP}u\ ζw ¥ ¡ Z/]8}u]
ζ ∈ C
cit	tuezZjlZhkj
|ζ| = 1 ¥ hvo w w cit	hvoExtymPgnesjlcnmPomv£®FrP° ¨ ½]"j<etq/ciz© i tuezZjlZhkj wi 6= 0 ¨ aEcdoz"]hrgng	jlZ/]^gncd\^c jq6mrcdoPjtµmv£
Wε
hr}u]$mv£«jlZ/]$£¤mr}l\
ζw ¥ ¡ cnjuZ |ζ| = 1 ¥ ¡ ]$r]j (Wε)j/(Wε)i → wj/wi
¡ Z]o ε → 0 ¥ hvo w tycdoz] Vε = εdiag V Wε ¥ ¡ ]r]j®´vX° ¨
     !&)* .)+ B +!&)   -    "!$+-#
V
 ]o/m ¡ tyZ/m ¡ juZhvjjuZ/]8}u]cit ¥ cno>tumr\^]ty]8otu] ¥ h^zhro/mrocdz8hvgzZ/mPcdz]µmr£ V cdo>YZ/]mP}u]8\ 0 ¨  ¨  &]omvju]Ex
C`1, . . . , C
`
ν`
juZ/]z}ucnjucizhrgWz"gihrtltu]8tmv£
Â` ¥ hvo w Ex C1` , . . . , Cν``
juZ/]8cn}}u]Htjl}uciz±jlcnmPotµjum
C` ¨ Ì x|W}umPq@mXtycnjucdmro^_ ¨ _ ¥ C`1, . . . , C`ν`
hv}l]juZ]¬tjl}umPo/rgdxzmro/o]8z±jl] w z"mP\^q@mPo/]oXjltWmv£
Gc(Â)∩C` ×C`
hvo w
jlZ/]x>zmk¢r]}
C` ¨ Tmr}l]mk¢r]8} ¥ mro/]$zhvo w ] w ez]£¤}lmr\|«}lmrq6mPtuc jlcnmPo>_ ¨  ¥ juZhvj¬£¤mP} ν = 1, . . . , ν` ¥ Cν`citµ]cnjuZ/]8}juZ/]^]8\$q/jxTty]jmP}hz}ucnjucizhrg<zgdhPtut&mv£juZ/]^\hkjl}ucn{
A` ¥ hvo w juZ@hkj C1` ∪ · · · ∪ Cν`` = C` ¨YZ]o ¥ ¡ Z]o r` cdtcdoE¢r]}ujucd/gd] ¥ jlZ/]zZhv}hrz"ju]8}ucitjlcdz¬q@mPgnxEo/mP\^cdhrg­mv£ t` z8hvop6]£¯hrz±jlmr}l] w hrt
det(λI − t`) = Q1`(λ) · · ·Q
ν`
` (λ)
®Fv_X°
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¡ Z]}l] Qν` (λ) = det(λI − t`Cν
`
,Cν
`
)
cn£
Cν` 6= ∅
hvo w
Qν` (λ) = 1
mvjlZ/]} ¡ cdtu] ¨ .ëo w ]] w ¥ jlhr©Ecno/
G = Gc(Â)
cno ®¯_r_X° ¥ etucno^juZ/]£¯hPz±jjlZhkj C`1, . . . , C`ν`
hr}u]µjlZ/]ftyju}lmro/Pgnxzmro/o]8z±jl] w z"mP\^q@mPo/]oXjlt
mr£
Gc(Â) ∩ C` × C` ¥ hro w etycdo/$juZ]/gnmsz©jl}ucihvore/gihv}tjl}ue@z±jue}u]mv£ λEN` − aGc(Â) ¥ ¡ ]r]j
det(−r`) det(λI − t`) = det(λEC
`
C`
− a
Gc(Â)
C`C`
)
®´rr°
=
ν∏̀
ν=1
det(λE
C`ν
Cν
`
− a
Gc(Â)
C`νC
`
ν
)
= det(−r`)
∏
ν=1,... ,ν`, Cν` 6=∅
det(λI − t`Cν
`
Cν
`
) .
ascnoz]
r`
cit«cdoE¢r]}ujucd/gd] ¥ juZ/cittuZ/m ¡ t®´k_E° ¨ YZXe@t ¥ c £ µ 6= 0 citWhftycd\^q/gn]¬}umEmvjmv£ det(λI − t`) ¥ juZ/]8}u]¬cdthe/o/ciPe]
ν ∈ {1, . . . , ν`}
tyezZ^jlZhkj
µ
citªh}umEmrj«mv£­juZ]¬q6mrgdxXomr\^cdhrg
Qν` (λ) ¨
 ¬]8o/mvjl]¬Ex
ν(µ)
juZ/cit
cdo w ]{ ¨ ½¶]"j V 6]$hro¦]8cnP]oE¢r]Hz±jumP}mv£ Â` ¥ £¤mP}&cdotyjlhroz"] V = (Â`)∗·,j ¡
cnjuZ
j ∈ C` ¨ Ì xpjuZ/]^tuhr\^]hr}uPe/\^]oXjltChPtCcdo^juZ/]q/}lmEmv£Åmv£¬®´vP° ¥ mPo/]zhrotyZ/m ¡ juZhvj&®FPr°	}l]\hvcdotC¢khrgnc w c £ ¡ ]}u]8q/gihrz"] Gc(Â`)ExTashvj
(Â`, V ) ¨ 8]8oz"] ¥ £¤mr}hvoEx ν 6= ν(µ) ¥ (µEN` − a 
	 	 (Â`,V ))C`ν ,C`ν
cit¬cdoE¢r]8}yjlcn/gd] ¨ >mr}l]mk¢P]} ¥tucdoz"]
µ 6= 0 ¥ (µEN` − a 	 	 (Â`,V ))N`+1,N`+1 citfcdoE¢r]8}yjlcn/gd] ¨ 4 o/]z8hvo jlZ/]o w ] w ez"] ¥ etucno/¦juZ/]gnmsz©ju}lcdhro/re/gihv}µtjl}ue@z±jue}u]mr£
µEN` − a 
	 	 (Â`,V ) ¥ juZhvj&cn£«juZ]}l]fcit¬o/mqhkjlZ>£¤}lmr\ i jum C`ν(µ)
cdo
a/hkj
(Â`, V ) ¥ jlZ/]o wi = 0 ¨ .ëoqhv}ujuciz"egdhr} ¥ e@tycdo/|«}lmrq6mPtucnjucdmro ¨ 0 ¥ mPo/] w ] w ez]juZhvjWcn£ V = (Â`)∗·,j
¡ cnjuZ j ∈ C` \ C`ν(µ) ¥
jlZ/]oÉjlZ/]}l]]"{scitjthH'ohrgzgdhPtut
C`ν
mr£ashvj
(Â`, V )
w c Å]}l]oXj£¤}lmr\
C`ν(µ) ¥Z]oz]
wi = 0
£¤mr}«hrgng
i ∈ C`ν ¨ YZ/citCmPty]8}u¢khvjucdmrof]{sq/gdhrcno@t ; {/hv\^q/gd]0 ¨  ¥ hro w c jWhrgdtumµtue/Pr]8tyjlt	jlZhkjjlZ/]zZmrciz"]
V = (Â`)
∗
·,j ¡
c jlZ
j ∈ C`ν(µ)
cit&z8hvo/mPo/cizhvgª®¤o/mrju]fjuZhvj w c6]8}u]8oXjµzZ/mPcdz]8tmr£
j ∈ C`ν(µ)xEcd]g w q/}umPq@mP}yjlcnmPohvgÅ¢P]8z±jlmr}t
V
° ¨ 8m ¡ ]¢P]} ¥ cnojuZ]zhrtu]mv£<]cdr]8oE¢r]8z"jumP}lt ¥ juZ/]8}u] w mE]8to/mvj¬tu]]8\ jum6]hptycd\^q/gd]hvohrgnmPre/]$mv£ª|«}umPq@mXtycnjucdmro  ¨ S®¯zZhr}lhPz±jl]}lcn²8cno/juZ/]z8hrtu]8t ¡ Z/]8}u]^P]o/]8}ucizhrgngdx w Zhrtomros³9²]8}um$]oXju}lcd]8t° ¨
    <  ¶ 
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 ]¦om ¡ tuZ/m ¡ juZhvjjlZ/]TjlZ/]mP}u]8\ mr£»&cd¼ucd©ºhro w ½s~e@tjl]}lo/cn© ( »&½-0P2)hvo w ½¶c w tu©Ec¿¾ À ( ½c w 0P*)zhro6]^mrsjhvcdo/] w hrthpzmr}lmrgdgdhr}uxmv£YZ/]mP}u]8\  ¨  ¥ hro w juZhvjYZ]mr}l]\  ¨ $hrgngdm ¡ t&jum>tymPgn¢P]$z8hrtu]8t&jum
¡ ZcdzZ jlZ/]pz"gihrtltycizhrg«}u]Htyeg j w mE]8to/mvj^hvq/q/gdx ¨ YZ/]q/}l]8tu]oXjlhvjucdmro mv£jlZ/cittue/tu]8z"jucdmro citfcdotuq/cd}u] wEx/(  Ì 4  6 ) ¥ jlZhkjjlZ/]}l]8h w ]}\hOxSz"mro@tye/gnj£¤mP}fh>r]8o/]}hvg w cdtlz"etltucnmPo mv£ªjuZ/]juZ/]8mr}lx¦mv£»&cd¼ucn© ¥½/~etyju]}lo/cd© ¥ hvo w ½c w tu©Ec ¾ À ¨½¶c w tu©Ec¿¾ À ( ½c w 0P*)z"mPotuc w ]8}lth \hkju}lcn{ºmr£juZ/]¦£¤mr}l\
Aε = A0 + εb ¥ ¡ Z/]8}u] b ∈ Cn×n hvo w
A0 ∈ C
n×n cit$ho/cdgnq6mvjl]oXj^\^hvju}lc { ¨  ]>tyZhrgngo/]8] w tyq6]8zc3'@zo/mrjlhkjlcnmPotf£¤mr} ?rmP} w hvo \hkjl}uciz"]Ht ¨½¶]"j
N [q]
w ]o/mrju]juZ/]
q × q
o/cngdq6mvju]8oXjp\hvju}lc {ËtuezZËjlZhkj
(N [q])i,j = 1
c £
j = i + 1 ¥ hro w
(N [q])i,j = 0
mrjuZ/]8} ¡ city] ¨ mr} m ≥ 1 ¥ ¡ ] w ]'o/] N
[ m
q
]
= N(q)+̇ · · · +̇N(q)
®
m
³Fjlcn\^]Htl° ¥ ¡ Z/]8}u]
+̇
w ]o/mrju]8t«juZ/]µ/gdmsz© w cdhrrmro@hvgtue/\ ¥ hvo w ¥ Pcn¢P]oh w ]8z"}l]8hPtycdo/tu]8Xe/]8oz"] q1 > q2 > . . . > qk ≥ 1 ¥hro w
m1, . . . , mk ≥ 1 ¥ ¡ ] w ]'o/] N
[ m1,... ,mk
q1,... ,qk
]
= N
[ m1
q1
]
+̇ · · · +̇N
[ mk
qk
]
¨ /mr}µcdotjhvoz] ¥ ¡ Z/]8o
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q1 = 3, m1 = 1, q2 = 2, m2 = 2, q3 = 1, m3 = 1 ¥ ¡ ]ZhO¢P]
N
[ 1,2,1
3,2,1
]
=


· 1 · · · · · ·
· · 1 · · · ·
· · · · · · · ·
· · · · 1 · · ·
· · · · · · · ·
· · · · · · 1 ·
· · · · · · · ·
· · · · · · · ·


,
®F>0P°
¡ Z]}l] ¥ hrPhrcno ¥  · }l]q/}l]8tu]oXjlt 0 ® ¡ ZExtumr\^]²]8}ump]oXjl}ucd]8thr}u] ¡ }lc juju]8oÉcdotuc w ]@mO{s]8t ¡ cngdgW6]]"{E³qgdhrcno/] w 6]gdm ¡ ° ¨  ]zmrotuc w ]}jlZ/]z8hrtu] ¡ Z/]8}u] A0 cit]HPe@hvgjum N[ m1,... ,mkq1,... ,qk ] ¨ .9£ 1 ≤ ` ≤ k ¥ ¡ ]'@ohvgdgnx w ]'o/]ªjlZ/]
(m1+ · · ·+m`)×(m1+ · · ·+m`)
tye/\hkju}lcn{
Φ`
mr£
b ¥ mPsjlhrcno] w Xxzmrotuc w ]}lcnomPo/gdxjlZ/]$@mrjyjumP\ }um ¡ t&hvo w '}tjz"mrgde/\^otµmv£CjlZ/] ?rmP} w hro¦z"]8gngit&mv£tucn²8]8t qi × qj ¥ i, j = 1, . . . , ` ¨mr}cdotyjlhvo@z"] ¥ cdojuZ/]z8hrtu]&mr£®F0X° ¥
Φ1 =
[
b31
]
, Φ2 =


b31 b34 b36
b51 b54 b56
b71 b74 b76

 , Φ3 =


b31 b34 b36 b38
b51 b54 b56 b58
b71 b74 b76 b78
b81 b84 b86 b78

 .
YZ]z"mP}u}l]8tuq6mro w cdo/q6mPtuc jlcnmPotcnojlZ/]W\hvju}lc {
A0 ¡ ]8}u] w ]q/ciz±jl] w Ex6mO{E]Htcdo®´0P° ¨ Ì xz"mroE¢P]oXjucdmro ¥
Φ0
citªjuZ]]\^qsjx\hvju}lc { ¥ hvo w citcdoX¢P]}ujucd/gd] ¨
H Ç  Ç ¯s Ã  ,6879 D  : È   $ C 1N2 6E7QSRT6  !!  		 !	
Φ`−1
#
Φ`
  	     
1 ≤ ` ≤ k
# 	
λ1, . . . , λm`
 
	G 	   V 3<
Schur(Φ`−1, Φ`)  
 
Aε
 
m`q`
V      	  2 #	G	   
Lε ∼ ξε
1/q` , ¡ Z/]}l] ξq` = λi hro w i = 1, . . . , m`
  $  
λi
  -	  
q`
G	 H *	
ξ

λi
  	>   
4 £zmre/}tu] ¥  mr}lmrgdgdhr}ux 6 ¨ z8hvoT6]$tyjlhvju] w cdohvo]8Xe/cd¢khvgd]oXj  z"mEmr} w cdohkjl]£¤}l]]  ¡ hOx ¥ Expetucno/gd]"£Ñj^hvo w }ucdrZXjf]8cnP]oE¢r]Hz±jumP}lthPtutumsz"cihkjl] w jum¦juZ/] w c Å]}l]oXj?Pmr} w hro /gnmsz©st ¥ tu]]:( ½¶c w 0X*) ¨ .ëo £¯hrz"j ¥Tmr}lm ¥ Ì e/}l©r] ¥ hvo w 4 ¢r]}ujumPomPtu]}l¢r] w jlZhkj ¡ ]o/]8] w omvj¬}l]8Xe/cd}u] Φ` jum6]fcdoE¢r]}ujucd/gd]cno  mr}lmrgn³gihv}lx:6 ¨ >, ¡ Z/]8o Φ` cittycdo/Pe/gdhr} ¥ (  Ì 4 76 ¥ YZ ¨  ¨ )«tuZ/m ¡ tµjuZhvjjump]8hPzZ¦]cdr]8oE¢Ohrgne] λi ∈ C mr£
Schur(Φ`−1, Φ`)
z"mP}u}l]8tuq@mPo w t
q`
]cdr]8oX¢khrgne/]Htmv£
Aε ¡ c jlZ hrtuxX\^qsjlmvjlcdz8t Lε = ξε1/q` + o(ε1/q`)
¡ Z]}l] ξq` = λi ¨
 @
   ,#.  % !& +  + + #&+ % #   
½¶]"jCet w ]8o/mvjl]Xx
A
[ m1,... ,mk
q1,... ,qk
] jlZ/]\hkju}lcn{fmv£6]"{sq@mPo/]oXjtChrtltymsz"cihkjl] w jlm
Aε = N
[ m1,... ,mk
q1,... ,qk
]
+εb
,
A
[ m1,... ,mk
q1,... ,qk
] cdt$mr/jlhvcdo/] w £¤}lmr\
N
[ m1,... ,mk
q1,... ,qk
] Ex ]"{/zZhvorcdo/T²]8}umXtfhro w mPo/]8t ¨ /mr}$cdotjhvoz] ¥
A
[
1
2
]
= [ 1 01 1 ]
z"mP}u}l]8tuq6mro w tjlm
Aε = [ 0 10 0 ] + εb ¨
YZ/]£¤mrgdgdm ¡ cno/$gd]\^\h^cdttyju}hvcdrZXjy£¤mP} ¡ hv} w ¨
Â     ,6 4,6! 	
q1 > · · · > qk ≥ 1

m1, . . . , mk ≥ 1  
   	VU
A
[ m1,... ,mk
q1,... ,qk
] 2 

   V7  
1/q1
 # 	    	  
#*>
C1 = {1, . . . , m1q1} 
  $$2 
Schur(C1, 1/q1, A
[ m1,... ,mk
q1,... ,qk
]
) = A
[ m2... ,mk
q2,... ,qk
]
.
®´6v°
Í¤Î	ÏÍÑÐ
 
		 !"#$$#$ P
.9j£¤mPgngdm ¡ tª£¤}lmr\½¶]\^\h 6 ¨ $hvo w cdo>qhv}ujuciz"e/gihv} ¥ £¤}lmr\ jlZ/]}l]8z"e}ltucn¢P]q/}umPq@]8}yjxS®F76v° ¥ juZhvjjuZ/]tu]8Xe/]8oz"]Cmr£/z"}lc jlcdz8hvgv¢khvgde/]Htmv£
A
[ m1,... ,mk
q1,... ,qk
] cit
(α1, . . . , αk) = (1/q1, . . . , 1/qk) ¥ hvo w jlZhkjjuZ/]WhPt³tumsz"cihkjl] w z"}lc jlcdz8hvgrzgdhPtutu]8t¶hv}l]
C1 = {1, . . . , m1q1} ¥ . . . ¥ Ck = {∑k−1`=1 m`q`+1, . . . ,
∑k
`=1 m`q`} ¨]8zhrgngÅjlZhkjjlZ/] w cihvPmrohrg6\hvju}lc {
D
cit w ]'@o/] w £¤}lmr\ jlZ/]
α`
hro w
C` ¨
 o]8cnP]oE¢r]Hz±jumP} V [ m1,... ,mkq1,... ,qk ] mr£ D−1A[ m1,... ,mkq1,... ,qk ] z8hvo6]e/cngnj«hrt¶£¤mrgdgnm ¡ t ¨ mr}<hvgdg q ≥ 1 ¥ ¡ ]tu]"j
V
[
1
q
]
= [0, 1/q, . . . , (q − 1)/q]T ¥ juZ/]8o ¥ £¤mr} m ≥ 1 ¥ ¡ ] w ]'o/] V
[ m
q
]
= V
[
1
q
]
+̇ · · · +̇V
[
1
q
]
®
m
³´jucd\^]8t° ¥ ¡ Z]}l] +̇ w ]omvju]Ht	juZ/]zmroz8hkjl]ohvjucdmrofmr£@¢P]8z±jlmr}t ¥ hro w ¥ '@ohvgdgnx ¥ ¡ ]tu]"j V
[ m1,... ,mk
q1,... ,qk
]
=
V
[ m1
q1
]
+̇ · · · +̇V
[ mk
qk
]
¨ .9jcit]HhrtuxSjum ty]8]jlZhkj V = V
[ m1,... ,mk
q1,... ,qk
] cdt^hro]8cnP]oE¢r]Hz±jumP}fmr£
Â =
D−1A
[ m1,... ,mk
q1,... ,qk
] ¥ hvo w juZhvjjuZ/]zmr}l}u]Htyq6mro w cno/$tuhvjue/}hkjlcnmPor}hvqZcitªjuZ/]e/ocnmPomr£¶juZ]µP}lhrq/Zmr£
N
[ m1,... ,mk
q1,... ,qk
] hvo w mv£<juZ/]hv}zt
(i, j) ¥ ¡ Z/]8}u] i citjuZ]cno w ]"{pmv£«h6mvjujumr\ }lm ¡ mr£Ch ?Pmr} w hro/gdmsz©mr£
N
[ m1,... ,mk
q1,... ,qk
] ¥ hvo w j cdtjuZ/]cdo w ]{mr£jlZ/]gd]"£Ñjzmrgde/\^oSmr£h ?rmP} w hrognmsz©Tmr£ N[ m1,... ,mkq1,... ,qk
] ¨ascnoz]pa/hkj
(Â, V )
cit^tjl}umPo/rgdxÉz"mroo/]8z"ju] w ¥ c j^cit$hrgdtum¦]HXehvgjum Gc(Â) ¨ /mP}cdotyjlhvo@z"] ¥ £¤mr} Aε =
N
[ 1,2,1
3,2,1
]
+ εb ¥ hvo w G = Gc(Â) = ashkj (Â, V ) ¥ ¡ ]P]"j
aG =


· 1 · · · · · ·
· · 1 · · · · ·
b31 · · b34 · b36 · b38
· · · · 1 · · ·
b51 · · b54 · b56 · b58
· · · · · · 1 ·
b71 · · b74 · b76 · b78
b81 · · b84 · b86 · b88


.
®´+P°
YZ]tyjlhkjl]\^]oXj^mv£  mP}umPgngihv}lx 6 ¨ @]Hz"mP\$]Hthtyq6]8zcdhrgªz8hrtu]mr£juZ/]ptyjlhkjl]\^]oXj$mv£&YZ/]8mr}l]\  ¨  ¥q}umk¢Ec w ] w juZ/]£¤mPgngdm ¡ cno$c w ]8oPjlc jxcdtq}umk¢P] w ,
det(λI − t`) = det(λq` − Schur(Φ`−1, Φ`)), ` = 1, . . . , k .
YZcdtzhvo 6]tu]]8o cn\^\^] w cdhvju]gdxÉExo/mrjucdo/>jlZhkj
t`
citfh>\hkjl}ucn{Émv£¬z"xszgnciz"cnjx
q` ¥ ¡ Z/cizZ zhro @]qesj ¥ Exhrq/q/gdxEcno/^hju}hvoty£¤mr}l\hkjlcnmPo t` 7→ P`t`P−1` ¥
£¤mP}tymP\$]q6]}l\fesjhkjlcnmPo\hkjl}ucn{
P` ¥ cdognmsz©zcn}z"egdhr}£¤mP}u\
P`t
`P−1` =
[
· Im`(q`−1)
Schur(Φ`−1, Φ`) ·
]
,
®FrP°
¡ Z]}l] Iq citªjuZ/]c w ]oXjlc jx\hkjl}ucn{mr£¶mr} w ]} q ¥ hro w ¡ Z/]8}u]&juZ]  ·  }l]q/}l]8tu]oXj/gdmEz©st ¡ cnjuZ 0 ¢khvgde/]8t ¨.ëo w ]] w ¥ ExS®¯_0P°ªhro w ®¯_r_E° ¥ ¡ ]r]"j*,
t` = Schur(C`−1, aGC`C`)
®0rP°
hro w £¤mP}]8hPzZ
` = 1, . . . , k ¥ juZ/]8}u]^]"{scitjth\hkjl}ucn{ Q` zmr}l}u]Htyq6mro w cnojumphq@]8}u\esjlhvjucdmromv£ C`q}u]Hty]8}u¢Ecdo/
C` ¥ tye@zZjlZhkjcdognmsz©£¤mP}u\ ¡ ]r]j ,
Q`a
G
C`,C`Q
−1
` =


· Im1(q1−1)+···+m`−1(q`−1−1) · ·
Φ11` · Φ
12
` ·
· · · Im`(q`−1)
Φ21` · Φ
22
` ·

 ,
¡ Z]}l] Φ` =
[
Φ11` Φ
12
`
Φ21` Φ
22
`
] hvo w
Φ11` = Φ`−1
®Ñ£¤mP}	]HhrzZ
` ¥ jlZ/]cno w cdz]8t	mv£ Φ22`
z"mP}u}l]8tuq6mro w jlm¬jlZ/]ªo/m w ]8t
mr£
C` = {
∑`−1
i=1 miqi +1, . . . ,
∑`
i=1 miqi}
mr£@jlZ/]£¤mr}l\ ∑`−1
i=1 miqi +mq` ¡
cnjuZ
m = 1, . . . , m`
° ¨
ÏÏ ØIâHá !J
r_   
B 
	  
 @$	9	 # !	
8¬]oz] ¥ jhv©Ecno£¤mr} P` juZ]}l]8tyju}lcdz"jucdmromr£ Q` jlm C` ¥ hro w e@tycdo/jlZ/]«£¯hPz±j	juZhvj [ · ΨΦ · ]−1 =
[
· Φ−1
Ψ−1 ·
]
£¤mP}hvgdg­cnoE¢P]}ujucd/gn]\hkjl}uciz"]Ht
Ψ
hro w
Φ ¥ ¡ ]r]j®´vX° ¨mr}cdotjhvoz] ¥ cdojuZ/]tuq@]Hz"cihvg¶z8hrtu]&mr£®F+X° ¥ hro w ` = 2 ¥ ¡ ]P]"j
Q2a
G
C2,C2Q
−1
2 =


· 1 · · · · ·
· · 1 · · · ·
b31 · · b34 b36 · ·
· · · · · 1 ·
· · · · · · 1
b51 · · b54 b56 · ·
b71 · · b74 b76 · ·


,
hro w ¥
P2t
2P−12 =


· ·
· ·
1 ·
· 1
[
b54 b56
b74 b76
]
−
[
b51
b71
]
b−131
[
b34 b36
] · ·
· ·


=
[
0 I2
Schur(Φ1, Φ2) 0
]
.
YZcdtzmrozgne w ]8tªjuZ]q/}umEmr£mv£  mr}lmrgdgihv}lx 6 ¨  ¨
     % # %'/   
 ]$o/m ¡ tuZ/m ¡ Z/m ¡ YZ/]8mr}l]\  ¨ hrgngdm ¡ tjlmtumrgd¢r]$tycdo/Pe/gdhr}&z8hrtu]8t&cnoS½c w ty©Ec¿¾ À t¬juZ/]8mr}l]\ ®  mP}umPg ³gihv}lx<6 ¨ H° ¥ hvo w ¡ ]hvgitym$cngdgdetjl}lhvju]jlZ/]gncd\^c jhkjlcnmPotmv£CYZ/]mP}u]8\  ¨  ¨  U7
 
      mPotyc w ]8}juZ/]£¤mrgdgnm ¡ cdo/z"gihrtltucdz8hvg w ]8r]o]}hkju]]{/hv\^q/gd] ¥ jhv©P]o£¤}umP\ (  cng 0P ¥ aE]Hz±³jlcnmPop ¨ P2)¶hro w (  Ì 4 76 ¥ ; XoS ¨ ) ,
Aε = A0 + εb, ¡ Z]}l] A0 = N
[ 1,1
3,2
]
≡


· 1 · · ·
· · 1 · ·
 · · · ·
· · · · 1
· · · · ·


,
hro w
b ∈ Cn×n .
®0/H°
]8zhrgngÅjlZhkjhrgng­jlZ/] w mvjt® ¡ Z/]juZ/]8}juZ]xhr}u]tue/}u}lmreo w ] w Ex@mO{s]Htmr}z"cd}lzgn]Ht ¥ mP}o/mvj±°}u]8q/}u]Hty]8oXj
0 ¨ .9£	juZ/]f]oXju}lx b31 z"mP}u}l]8tuq6mro w cdo/jumjlZ/]z"cd}z"gd] w q@mXtycnjucdmropcdo ®0H° ¥ cdt²8]}lm ¥ Φ1 cdttucdo/re/gihv} ¥ hvo w
¡ ]z8hvo/omvjµhrq/q/gdx>½c w ty©Ec¿¾ À t¬juZ/]8mr}l]\ ®  mP}umPgngihv}lx 6 ¨ O° ¨ 8m ¡ ]¢P]} ¥ YZ/]8mr}l]\  ¨ z8hvoT6]^hvq/q/gdcd] w ¨ ]zhro ¡ }lcnju] (Aε)ij ' aijεAij ¥ ¡ Z/]8}u]
a =


b11 1 b13 b14 b15
b21 b22 1 b24 b25
0 b32 b33 b34 b35
b41 b42 b43 b44 1
b51 b52 b53 b54 b55


,
hro w
A =


1 0 1 1 1
1 1 0 1 1
∞ 1 1 1 1
1 1 1 1 0
1 1 1 1 1


.
 ]$ZhO¢r]
α1 = ρmin(A) = 2/5 ¥ C1 = {1, 2, 3, 4, 5} ¥ hvo w tycdoz]fjlZ/]$z}ucnjucizhrgP}lhrq/Z>mv£ A ¥ ¡ Z/cizZcitz"mP\^q@mXty] w mrognxTmr£WjlZ/]z"cd}lze/c j
(1 → 2 → 3 → 4 → 5 → 1)
zmk¢r]8}ltµhvgdg<juZ/]^o/m w ]Ht ¥ ¡ ]^ZhO¢P]
Í¤Î	ÏÍÑÐ
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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$#$ X
Gc(Â) = Gc(A) ¨ YZXe@t ¥ £¤mP} G = Gc(Â) ¥
aG =


· 1 · · ·
· · 1 · ·
· · · b45 ·
· · · · 1
b51 · · · ·


.
YZ]mr}l]\  ¨ tuZ/m ¡ tªjuZ@hkj ¥ cn£ b45b51 6= 0 ¥ Aε Zhrt"'@¢r]}umEmrjlt ¡ cnjuZ>hrtuxE\$q/jumvjlcdz8t
Lε ∼ ξε
2/5 , ¡ Z/]8}u] ξ5 = b45b51 .
YZ]hrtuxX\^qsjlmvjlcdz8tmv£	juZ/]]8cnP]oE¢r]Hz±jumP}ltz8hvophvgitym^6]mrsjhvcdo/] w £¤}lmr\YZ]mr}l]\ 0 ¨ ^®¤juZ/]z"mr\^q/e/jlhk³jlcnmPothv}l]tycd\^cngihv}ªjlm^juZ/]z8hrtu]µmr£ ; {/hr\$qgn]0 ¨ P° ¨  U7
 
   
 Ym¦z"mPoz"gde w ] ¥ gn]jet w cdtlz"e@tutjuZ/]£¤mrgdgnm ¡ cdo/Ttucno/Pe/gihv}¢P]}tycdmroÉmv£jlZ/]cdgdgnetyju}hkjlcno]{/hv\^q/gd]µmr£ (  Ì 4 76 ) ¨ ½]j Aε = A0 + εb ¥ ¡ Z/]8}u] A0 = N
[ 2,1,1
3,2,1
] ¥ tym$jlZhkj
aG =


· 1 · · · · · · ·
· · 1 · · · · · ·
b31 · · b34 · · b37 · b39
· · · · 1 · · · ·
· · · · · 1 · · ·
b61 · · b64 · · b67 · b69
· · · · · · · 1 ·
b81 · · b84 · · b87 · b89
b91 · · b94 · · b97 · b99


.
 mPotuc w ]8}juZ/]tycdo/regdhr}zhrtu] ¡ Z/]}l] b61 = b64 = 0 ¨  ]\hOx©P]]q A hPtcno¦as]8z±jlcnmPo56 ¨  ¥ /e/jjuZ/citPcn¢P]8tgdc jujugd]cdos£¤mr}l\hkjucdmro>tucno@z"]
t1
cito/mrj¬cnoE¢P]}ujucd/gn] ¨ 8¬m ¡ ]8¢r]} ¥ (Aε)ij ' aijεAij tyjucdgngZ/mrg w tcn£ ¡ ]zZ@hvo/P]&jlZ/]£¤mPgngdm ¡ cno¢Ohrgne]8tmr£ A , A61 = A64 = ∞ ¨ YZ/]8o ¥ ¡ ]'o w α1 = 1/3 ¥ C1 = {1, 2, 3} ¥
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